MEASURED QUANTUM GROUPOIDS 

BY Franck LESIEUR 



Abstract. — In this article, part of the author's thesis ILes03l . we propose a defi- 
nition for measured quantum groupoid. The aim is the construction of objects with 
duaUty including both quantum groups and groupoids. We base ourselves on J. Kuster- 
mans and S. Vaes' works about locally compact quantum groups that we generalize 
thanks to formalism introduced by M. Enock and J.M. Vallin in the case of inclusion 
of von Neumann algebras. From a structure of Hopf-bimodule with left and right 
invariant operator-valued weights, we define a fundamental pseudo-multiplicative uni- 
tary. We introduce the notion of quasi-invariant weight on the basis and, then, we 
construct an antipode with polar decomposition, a coinvolution, a scaling group, a 
modulus and a scaling operator. This theory is illustrated with different examples. 
Duality of measured quantum groupoids will be discussed in a forthcoming article. 

Resume (Groupoides quantiques mesures). — Dans cet article, extrait d'une partie 
de la these ILes03l de I'auteur, on propose une definition des groupoides quantiques 
mesures. L'objectif est la construction d'objets, munis d'une dualite, qui englobent 
a la fois les groupoides et les groupes quantiques. On s'appuie sur les travaux de J. 
Kustermans et S. Vaes concernant les groupes quantiques localement compacts qu'on 
generalise grace au formalisme introduit par M. Enock et J.M. Vallin a propos des 
inclusions d'algebres de von Neumann. A partir d'un bimodule de Hopf muni de poids 
operatoriels invariants a gauche et a droite, on definit un unitaire pseudo-multiplicatif 
fondamental. On introduit la notion de poids quasi-invariant sur la base et on construit 
une antipode avec decomposition polaire, une coinvolution, un groupe d'echelle, un 
module et un operateur d'echelle. Cette theorie est illustree par differents exemples. 
La dualite de ces objets sera discutee dans un prochain article. 
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1. Introduction 

1.1. Historique. — Theory of quantum groups has lot of developments in 
operator algebras setting. Many contributions are given by |Ka V74| . |Wor88j . 
ESsgl, |MN9T| . EHHSI, IMll, jMl, (VMl . |rao| . in particular, J. 
Kustermans and S. Vaes' work is crucial: in KVOO , they propose a simple def- 
inition for locally compact quantum groups which gathers all known examples 
(locally compact groups, quantum compacts groupe |Wor95j . quantum group 
ax+b |Wor01| . jWZ02| . Woronowicz' algebra [MNM]...) and they find a general 
framework for duality of theses objects. The very few number of axioms gives 
the theory a high manageability which is proved with recent developments in 
many directions (actions of locally compact quantum groups V aeOlbj , induced 
co-representations |Kusn2| . cocycle bi-crossed products (VV03] ). They com- 
plete their work with a theory of locally compact quantum groups in the von 
Neumann setting |KV03j . 

In geometry, groups are rather defined by their actions. Groupoids category 
contains groups, group actions and equivalence relation. It is used by G.W 
Mackey and P. Hahn ( jMacBBj . |Hah78aj and |Hah78bj V in a measured version, 
to link theory of groups and ergodic theory. Locally compact groupoids and 
the operator theory point of view are introduced and studied by J. Renault 
in |Ren80| and |Ren97j . It covers many interesting examples in differential 
geometry |('o94| e.g holonomy groupoid of a foliation. 

In |Val96j . J.M Vallin introduces the notion of Hopf bimodule from which he 
is able to prove a duality for groupoids. Then, a natural question is to construct 
a category, containing quantum groups and groupoids, with a duality theory. 

In the quantum group case, duality is essentially based on a multiplicative 
unitary |BS93| . To generalize the notion up to the groupoid case, J.M Vallin in- 
troduces pseudo- multiplicative unitaries. In |ValOn| . he exhibits such an object 
coming from Hopf bimodule structures for groupoids. Technically speaking, 
Connes-Sauvageot's theory of relative tensor products is intensively used. 

In the case of depth 2 inclusions of von Neumann algebras, M. Enock and 
J.M Vallin, and then, M. Enock underline two "quantum groupoids" in duality. 
They also use Hopf bimodules and pseudo-multiplicative unitaries. At this 
stage, a non trivial modular theory on the basis (the equivalent for units of 
a groupoid) is revealed to be necessary and a simple generalization of axioms 
quantum groups is not sufficient to construct quantum groupoids category: we 
have to add an axiom on the basis [EnoOOj i.e we use a special weight to do the 
construction. The results are improved in |Eno04j . 

In IEno02j . M. Enock studies in detail pseudo- multiplicative unitaries and 
introduces an analogous notion of S. Baaj and G. Skandalis' regularity. In 
quantum groups, the fundamental multiplicative unitary is weakly regular and 
manageable in the sense of Woronowicz. Such properties have to be satisfied 
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in quantum groupoids. Moreover, M. Enock defines and studies compact (resp. 
discrete) quantum groupoids which have to enter into the general theory. 

Lot of works have been led about quantum groupoids but essentially in finite 
dimension. We have to quote weak Hopf C*-algebras introduced by G. Bohm, 
F. Nill and K. Szla c hanyi (BNSQQ,, (BSz96|, and then studied by F. Mil and L. 
Vainerman |Nik02| . |Nil98| . |NVOO| . |NV02| . J.M Vallin develops a quantum 
groupoids theory in finite dimension thanks to multiplicative partial isometrics 
|TOT| . |OT2| . He proves that his theory coincide exactly with weak Hopf 
C* -algebras. 

1.2. Aims and Methods. — In this article, we propose a definition for 
measured quantum groupoids in any dimensions. "Measured" means we are 
in the von Neumann setting and we assume existence of the analogous of a 
measure. We use a similar approach as J. Kustermans and S. Vaes' theory 
with the formalism of Hopf bimodules and pseudo- multiplicative unitaries. We 
develop the theory by constructing all fundamental objects and we give some 
examples. In a forthcoming article, we will study duality within the category. 

1.3. Study plan. — After brief recalls about tools and technical points, we 
define objects we will use. We start by associating a pseudo-multiplicative 
unitary to every Hopf bimodule with invariant operator- valued weights. This 
unitary gathers all informations on the structure so that we can re-construct von 
Neumann algebra and co-product. Then a measured quantum groupoid will be 
a Hopf bimodule with invariant operator- valued weights which are " adapted" 
in a certain sense. This hypothesis corresponds to the choice of a special weight 
on the basis to do the constructions. 

Thanks to this axiom, we are able to construct fundamental objects of the 
structure: first of all, the antipode 5, the polar decomposition of which is 
given by a co- involution R and a one-parameter group of automorphisms called 
scaling group r. In particular, we show that S*, R and t are independent of 
operator-valued weights. Also, we introduce a modulus, which corresponds to 
modulus of groupoids, and a scaling operator, affiliated to the hyper-center 
of the Hopf bimodule. They come from Radon-Nikodym's cocycle of right 
invariant operator-valued weight with respect to left invariant one thanks to 
proposition 5.2 of VacOla . So, it is the existence of a suitable weight on 
the basis N which allows us to construct modulus like in the groupoid case 
with a quasi-invariant measure on G^^\ Scaling operator is the object which 
corresponds to scaling factor in locally compact quantum groups. We are also 
able to prove uniqueness of invariant operator- valued weight up to an element of 
basis center. Finally, we prove a "manageability" property of the fundamental 
pseudo-multiplicative unitary. 

We have a lot of examples for locally compact quantum groups thanks to 
Woronowicz |Wor91| . |Wor01| . |WZ02| . |Wor87| and the cocycle bi-crossed 
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product due to S. Vaes and L. Vamerman |VVn8| . Theory of measured quan- 
tum groupoids has also a lot of examples: groupoids, weak Hopf C*-algebras, 
quantum groups, quantum groupoids of compact (resp. discrete) type. . . which 
are characterized in the general theory. Depth 2 inclusions of von Neumann 
algebras with semi-finite basis also enter into our setting. Finally, we state 
stability of the category by direct sum (which reflects the stability of groupoids 
under disjoint unions), finite tensor product and direct integrals. Then, we 
are able to construct new examples: in particular we can exhibit quantum 
groupoids with non scalar scaling operator. 

2. Recalls 

2.1. Weights and operator- valued weights jStrSlj . jTakOSj . — Let N 

be a von Neumann and '0 a normal, semi-finite faithful (n.s.f) weight on N; 
we denote by Af^, Aiip, H^, tt^, A^, J^, . . . canonical objects of Tomita's 
theory with respect to (w.r.t) ip. 

Definition 2.1. — Let denote by %p Tomita's algebra w.r.t defined by: 

{x e A/"^ n A/"^! X analytic w.r.t a"^ such that af{x) e 7V^ nW^ for all z G C} 

By f jStrSlj . 2.12), we have the following approximating result: 

Lemma 2.2. — For all x G M^, there exists a sequence {xn)n&i of T,p such 
that: 

i) \\xn\\ < for all n e N; 

ii) {Xn)n&i converges to x in the strong topology; 

Hi) (A^(a;„))„gN converges to K^{x) in the norm topology of H^. 
Moreover, if x Af^ H A/"^, then we have: 

iv) {xn)n£N convcrgcs to x in the *-strong topology; 
iiv) (A^i,(a;* ))„gN converges to A^(x*) in the norm topology of H^. 

Let A'' C M be an inclusion of von Neumann algebras and T a normal, 
semi-finite, faithful (n.s.f) operator-valued weight from M to A^. We put: 

TVt = {a; e M / T{x*x) € N+} and Mr = A^^A^t 

We can define a n.s.f weight ipoT on M in a natural way. Let us recall theorem 
10.6 of |EN96j : 

Proposition 2.3. — Let N C M be an inclusion of von Neumann algebras 
and T be a normal, semi-finite, faithful (n.s.f) operator-valued weight from M 
to N and a n.s.f weight on N . Then we have: 
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i) for all X S Mt and a G A/'^, xa belongs to A/r H Af^oT, there exists 
At{x) e Homjs[o(H^, H^ot) such that: 

and At is amorphism of M ~ N -bimodules from Mt to Homj^o[H^, H.^ot); 

ii) A/tHA/'^oT is a weakly dense ideal of M anc? A^;oT (A/r HA/'^ot) is dense 

1 /2 

inH^oT, A^oT(A/'TnA/'^oTnA/'y nA/'^j^j,) is a core for A^^j, and At{Mt) is 
dense in HomN^iH^, H^ot) for the s-topology defined by ^ |BDH88] . 1.3); 
Hi) for all x G N't and z G Nt H Af^,oT, T{x* z) belongs to Nip and: 

At{x)* A^,t{z) ^ A.^{T{x* z)) 

iv) for all x.y Cz Nt- 

ATiyYATix) = n4T{x*y)) and \\ATix)\\ = \\Tix*x)\\^/^ 

and At is injective. 

Let us also recall lemma 10.12 of |EN96| : 

Proposition 2.4. — Let N C M be an inclusion of von Neumann algebras, 
T a n.s.f operator-valued weight from M to N , ip a n.s.f weight on N and 
X G Mt n M^oT- If we put: 

f + OC 

^ j e-"*Vf°^(x) dt 

then Xn belongs to Mt H M-^oT and is analytic w.r.t -0 o T. The sequence 
converges to x and is bounded by \ \x\\. Moreover, (A^oT(a^n))rieN converges to 
AtPot{x) and af°'^{xn) G Mt H M^,ot for all z G C. 

Definition 2.5. — The set of x G 7V<5n7V|n7VTn7V^, analytic w.r.t a* such 
that crf{x) G 7V$ n 7V| n Nt n Nt for aU z G C is denoted by 7^ and is called 
Tomita's algebra w.r.t ip oT = ^ and T. 

Lemma [2. 21 is still satisfied with Tomita's algebra w.r.t <i> and T. 

2.2. Spatial theory |Uo80| . |Sau83b| . |Tak03j . — Let a be a normal, non- 
degenerated representation of on a Hilbert space H. So, H becomes a left 
A^-module and we write aH- 

Definition 2.6. — |Co80j An element £, of aH is said to be bounded w.r.t ip 
if there exists C G such that, for all y G N^, we have ||a(y)CI| < C'| |A^(2/)| |. 
The set of bounded elements w.r.t ip is denoted by D{aH,i/j). 

By |Co80| (lemma 2), D{aH, ip) is dense in H and a(A^)'-stable. An element 
^ of D{aH, ip) gives rise to a bounded operator of HomN{H^, H) such 

that, for all y G N^f,: 

R'^'^m^iy)^aiy)^ 
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For all ^,r] £ D{aH, ip), we put: 

By | Co80| (lemma 2), the linear span of 0"''^{(,,ri) is a weakly dense ideal of 
a{Ny. < ^,r] >a,ip belongs to 7r^(7V)' — J^it^{N)J^ which is identified with 
the opposite von Neumann algebra N° . The linear span of < ^,77 >a,-4i is 
weakly dense in N° . 

By |Co80| (proposition 3), there exists a net {rji)i^i of D{aH,tl;) such that: 

Such a net is called a (N, '0)-basis of aH. By IEN96| (proposition 2.2), we can 
choose rji such that R'^^'^{r]i) is a partial isometry with two- by- two orthogonal 
final supports and such that < rjijTjj >a,iji= unless i = j. In the following, 
we assume these properties hold for all (TV, ■0) -basis of aH. 

Now, let /3 be a normal, non-degenerated anti-representation from N on H. 
So H becomes a right A^-module and we write Hfj. But (3 is also a representation 
of N°. If ip° is the n.s.f weight on N° coming from ip then A/'^o = Af^ and we 
identify H-^o with thanks to: 

Definition 2.7. — |Co80| An element ^ of iJ^ is said to be bounded w.r.t ip" 
if there exists C G M+ such that, for aUy € A/"^, we have ||/3(y*)CI| < C'l |A^(2/)| |. 
The set of bounded elements w.r.t is denoted by D{Hp,'4}°). 

D{aH,ip) is dense in H and /3(A^)'-stable. An element ^ of D{Hfj,i/j°) gives 
rise to a bounded operator R^'^" {S) of HomN°{H^,H) such that, for all y G 
AA^: 

For all ^,77 € D{Hp,ip°), we put: 

0''^^°(e,ry) - i?'^^'"°(e)i?''^'"°(r,)* and < C,?? >/3,^°= i?'^''^°(77)*i?''''^°(0* 

The linear span of 9^'^ is a weakly dense ideal of P{Ny . < ^,7] >/3,^o 

belongs to 7r^(A^) which is identified with TV. The linear span of < ^, 77 >/3,V'° is 
weakly dense in N. In fact, we know that < ^, 77 >/3,^oG A^,/, by [Co8n| (lemma 
4) and by |Sau88b| (lemma 1.5), we have 

A^(<^,77>/3,^o) = i?'5^'^°(77)*C 

A net of ■0°-bounded elements of is said to be a {N°, ■0°)-basis of Hp if: 
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and if such that is a partial isometry with two-by-two orthogonal 

final supports and such that < ^i, >a.^— unless i — j. Therefore, we have: 

and, for aU ^ e D{Hp,il)°): 

Proposition 2.8. — /^ |Eno02| . proposition 2.10) Let N C M he an inclusion 
of von Neumann algebras and T he a n.s.f operator-valued weight from M to 
N . There exists a net {ei)i^i of Afr H Af^ H Af^,oT H J^^qx such that Ariei) is 
a partial isometry, T{e*ei) — unless i — j and with orthogonal final supports 
of sum 1. Moreover, we have ej = eiT{e*ei) for all i € I , and, for all x £ Mt-' 

At{x) =''^^AT{ei)T{e*x) and x — eiT{e*x) 

in the weak topology. Such a net is called a basis for {T,ip°). Finally, the net 
{A^oT{&i))iei is a {N°,'ip°)- basis of {H^ot)s where s is the anti-representation 
which sends y £ N to JijjoTy* JijjoT ■ 

2.3. Relative tensor product |Co80j . |Sau83b| . |Tak03j . — Let H and K 

be Hilbert space. Let a (resp. /3) be a normal and non-degenerated (resp. 
anti-) representation of on X (resp. H). Let V' be a n.s.f weight on N . 
Following | Sau83bj . we put on D{Hi3, 1/;°) Q K a scalar product defined by: 

{^i&m\^2 V2) = (a(< 6,6 >i3,4''')Vi\V2) 
for all 6,6 € D{Hf3,ip°) and ?7i,?/2 e K. We have identified tt^{N) with N. 

Definition 2.9. — The completion of D{Hp, V'") -ft' is called relative ten- 
sor product and is denoted by H K . 

The image of f 0?7 in _ff K is denoted by ^ p®a V- One should bear in 

mind that, if we start from another n.s.f weight ip' on N, we get another Hilbert 
space which is canonically isomorphic to H 13® a K by f |Sau83b| . proposition 

2.6). However this isomorphism does not send ^ /30q 77 on ^ /30q rj. 

By Sau83b (definition 2.1), relative tensor product can be defined from the 
scalar product: 

(6 0^7116 0^72) = {l3{<Tium >a,^)6l6) 
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for all (^i,£^2 & H and 771, 172 G D{ciK,tp) that's why we can define a one-to-one 
flip from H K onto K a®i3 H such that: 
■0 'A" 

for all ^ e D{Hi3,tp) (resp. £, G H) and 77 e (resp. 77 G D{aK,tlj)). The flip 

gives rise at the operator level to from ^®ct -ft') onto £{K a®i3 H) 

tp 1/)° 

such that: 

Canonical isomorphisms of change of weights send on <;^' so that we write 
<jjv without any reference to the weight on N. 

For all ^ G D{Hi3, and 77 G D{aK, V'), we define bounded operators: 

Af -.K^H 0(g)aK and p^^" : H ^ H f}(g>c, K 
Then, we have: 

(Af ")* Af " = a(< e >/3,0O and i/^nV,'' = P{< V, V >o...^) 

By |Sau88bj (remark 2.2), we know that D{aK,^l)) is a[at,/2{T^{'^t^/2)))- 
stable and for all ^ G iJ, 77 G D{aK, tf;) and y G T>{a^^^^), we have: 

Lemma 2.10. — If C 0®a r] = for all C G D{Hp,ilj°) then 77 = 0. 

Proof — For aU ^, ^' G D{Hp, i/j"), we have: 

a(< >;3,0<')'7 = (Af^")*A^;"77 = (Af^")*(C' 77) = 

Since the linear span of < ^ >p,i>° is dense in A^, we get 7/ = 0. □ 

Proposition 2.11. — Assume H ^ {0}. Let K' he a closed suhspace of K 
such that a{N)K' C K' . Then: 

H p®a.K^H p®c.K' K = K' 

Proof — Let 77 G K'^. For aU ^' G D{Hf3, tp°) and k G K' , we have: 
p®a k\^' p®a v) = (a(< <e,^' >/3,^°)fc|'7) = 
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Therefore, for all ^' S D{Hj3,il)°), we have: 

t3(^a V e {H p®^ KY = (H ;3®a K)^ = {0} 

By the previous lemma, we get 77 = and K — K' . □ 

Let X e (3{Nyn£{H) and y e a(A^)'n£(if). By |Sau83a| . 2.3 and 2.6, we can 
naturally define an operator x i3®a y on H K. Canonical isomorphism 

of change of weights sends x p(^a y on x y so that we write x p(^a y 

■4, ^P' N 

without any reference to the weight. 

Let P be a von Neumann algebra and e a normal and non-degenerated anti- 
representation of P on if such that e(P)' C a{N). K is equipped with a 
N — P-bimodule structure denoted by aK^- For all y E P, 1h f3®a £{y) is an 

operator on H K so that we define a representation of P on iJ p®a K 

still denoted by e. If is a Q — A^-bimodule, then H p(E)a K becomes a. Q~ P- 

V- 

bimodule (Connes' fusion of bimodules). If is a n.s.f weight on P and a 
left P-module. It is possible to define two Hilbert spaces {H j3®a K) L 

and H pi^a {K ^(8)^ L). These two P{N)' — C(P)'°-bimodules are isomorphic. 

(The proof of |Val96j . lemme 2.1.3, in the case of commutative TV = P is still 
valid). We speak about associativity of relative tensor product and we write 
H K L without parenthesis. 

We identify /3®a i^T and ii' as left iV- modules by A^(y) p®ari^ OL{y)r\ 

for all y € Af^. By | EN96j . 3.10, we have: 

V 

We recall proposition 2.3 of |Enofl2j : 

Proposition 2.12. — Let {^i)iei be a {N° ,^°)-basis of Hfj. Then: 
i) for all ^ G D{Hfj, ip") and rj € K , we have: 

£, l3'^aV = ^£,i a(< >/3,V°)»? 

i' iei ^ 

a) we have the following decomposition: 

H 0<»aK = ^{^i /3®a a(< >/3,0<')^) 
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To end the paragraph, we detail finite dimension case. We assume that 
TV, H and K are of finite dimensions. H K can be identified with a 

subspace oi H ® K. We denote by Tr the normahzed canonical trace on K and 
T = Tr o a. There exist a projection ep,a € (3{N) ® a{N) and Uo G Z(A^)+ 
such that (id® Tr)(e/3,Q) = f3{no)- Let d be the Radon-Nikodym derivative of 
ip w.r.t T. By jEVOOj . 2.4, and proposition 2.7 of ISau83bj . for all ^,r] e H: 

defines an isometric isomorphism of (3{Ny — a(A^)'°-bimodules from H ij^a K 
onto a subspace of (8) -fC, the final support of which is e^^Q,. 

2.4. Fiber product |Val96j . |E V00| . — We use previous notations. Let Mi 
(resp. M2) be a von Neumann algebra on H (resp. K) such that P{N) C A/i 
(resp. a{N) C Af2). We denote by M[ M2 the von Neumann algebra 

N 

generated by x 13® a V with x e M[ and y e Mj. 

TV 

Definition 2.13. — The commutant of M[ i3(^a M2 in C{H p®a K) is 

N 'ill 

denoted by Mi p-k^ M2 and is called fiber product. 

N 

If Pi and P2 are von Neumann algebras like Mi and M2, we have: 

i) (Ml f3*»M2)n{Pi 13*^ P2) = {MitlPi) /3*a(M2nP2) 
N N N 

a) ^n{Mi p-ka M2) = M2 a*/3 Afl 
N N" 

iii) [Ml n l3{Ny) (Af2 n a(A^)') C Mi M2 

Af N 

iv) Ml /3*a a(^) = (Ml n /3(iV)') 1 

N N 

More generally, if /3 (resp. a) is a normal, non-degenerated *-anti- 
homomorphism (resp. homomorphism) from to a von Neumann algebra 
Ml (resp. M2), it is possible to define a von Neumann algebra Mi p-ka M2 

N 

without any reference to a specific Hilbert space. If Pi, P2, a' and /?' are like 
Ml, M2, a and /3 and if <& (resp. '5) is a normal *-homomorphism from Afi 
(resp. M2) to Pi (resp. P2) such that $ o /3 = /?' (resp. ^ o a — a'), then we 
define a normal *-homomorphism by |Sau83aj . 1.2 A: 

$ fl-ka"^ : Ml fi-ka M2 ^ Pi /3'*a' P2 
N N N 

Assume is a — P°-bimodule and i^i a left P-module. If a(A^) C M2, 
e(P) C A'f2 and if C(^) ^ M3 where M-^ is a von Neumann algebrasur on i. 



MEASURED QUANTUM GROUPOIDS 



11 



then we can construct Mi 13-ka {M2 e*c ^'^^ (-^1 -^2) £*c -^3- 

AT AT A A 

Associativity of relative tensor product induces an isomorphism between these 
fiber products and we write Mi M2 e*^ M3 without parenthesis. 

A A 

FinaUy, if Mi and M2 are of finite dimensions, then we have: 
M[ p®^ = {4c.yiK®K)ltc. and Ah Ah = {I^ J* {Ah(^ A^h) ^ 

A ' ■ A ' 

Therefore the fiber product can be identified with a reduction of Ah AI2 by 
e;3,a by [KVnnl. 2.4. 

2.5. Slice map lEnoOOj . — 

2.5.1. For normal forms. — Let A S Mi Ah and ^1,^2 G D{Hp,ip°). We 

A 

define an element of AI2 by: 

so that we have ((w^i^j^ /3*a irf)(^)»7i|'72) = (^(Ci /3®q '7i)IC2 /3(8)q 772) for aU 
^i,?72 € iT. Also, we define an operator of Mi by: 

for all ?7i,?72 G D{aK,ip). We have a Fubini's formula: 

for all G DjHfi tP") an d 771,772 G D{c,K,i;). 

Equivalently, by (l EnoOO) . proposition 3.3), for all wi G Mj^ and fci G K"*" 
such that LUi o P < kiip and for all L02 G M2'^ and k2 G K"*" such a;2 o a < k2ip, 
we have: 

W2(('^i /3*Q id){A)) = tJi((id W2)(A)) 

4' V' 

2.5.2. For conditional expectations. — If P2 is a von Neumann algebra such 
that a{N) Q P2 Q A'h and if is a normal, faithful conditional expectation 
from M2 onto P2, we can define a normal, faithful conditional expectation 
(id p-ka E) from Mi p-k^ A/h onto Mi P2 such that: 

A A AT 

{lo p-ka id){id p-ka E){A) = E{{lj p-k^ id){A)) 

1> A 1> 

for aU A e Ml M2, w G M]+, and fci G M+ such that w o /3 < fciV'- 

A" 
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2.5.3. For weights. — If (t>i is n.s.f weight on Mi and if A is a positive element 
of Ml ^★q, M2 , we can define an element of the extended positive part of Af 2 , 

N 

denoted by ((/>! p-^^a id){A), such that, for all 77 G D{aL^{M2),ip), we have: 

■4, 

Moreover, if (^2 is a n.s.f weight on M2, we have: 

Let (tJi)^^/ be an increasing net of normal forms such that 01 = supjg/Wi. 
Then we have (0i p-k^ id){A) — s.n\i^{uJi p-k^ id)[A). 

2.5.4. Por operator-valued weights. — Let Pi be a von Neumann algebra such 
that (3{N) C Pi C Ml and $i [i — 1, 2) be operator-valued n.s.f weights from 
Mi to Pi. By |EnoOO| . for all positive operator A £ Mi p-k^ M2, there exists an 

N 

element ($1 /j*^ id){A) belonging to Pi p-ka M2 such that, for all ^ G L?{Pi) 

N N 

and 7] e D{aK,ip), we have: 

||(($i p*a ^d){Aj}'/\^ p^^^)\f^\\[^,{{^d pk^uj,,,){A))]^/'^\\' 

N ip 

If (1)1 is a n.s.f weight on Pi, we have: 

(01 o $1 id) (A) = (01 /3*Q irf)($i id){A) 

N 4, N 

Also, we define an element {id p-k^ ^2){A) of the extended positive part of 

N 

Ml pka P2 and we have: 

JV 

{id p-ka $2)((«'l /3*a ic?)(^)) = (*1 /3*a id)((id /3*„ $2)(^)) 
AT AT Af Af 

Remark 2.14. — We have seen that we can identify Mi p-k^ a{N) with 

JV 

Ml n P{Ny . Then, it is easy to check that the slice map id pka "0 ° ct^^ (if 

tp 

is injective) is just the injection of Mi pk^ a{N) into Mi. Also we see on that 

JV 

example that, if 0i is a n.s.f weight on Mi, then 0i pk^^ id (which is equal to 

AT 

0i|Min/3(JV)') needs not to be semi-finite. 
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3. Fundcimental pseudo-multiplicative unitary 

In this section, wc construct a fundamental pseudo-multiplicative \mitary 
from a Hopf bimodule with a left invariant operator-valued weight and a right 
invariant operator- valued weight. Let N and M be von Neumann algebras, 
a (resp. /?) be a faithful, non-degenerate, normal (resp. anti-) representation 
from N to M. We suppose that a{N) C /?(iV)'. 

3.1. Definitions. — 

Definition 3.1. — A quintuplet {N, M, a, /3, F) is said to be a Hopf bimod- 
ule of basis if r is a normal *-homomorphism from M into M ^★q, M such 

JV 

that, for all n,m G N, we have: 

i) r{a{n)f3{m)) = a{n) /3(to) 

N 

ii) r is co-associative: (F id)oT = {id fj-k^ F) o F 

JV JV 

One should notice that property i) is necessary in order to write down the 
formula given in ii). {N°,M,P,a,^N o F) is a Hopf bimodule called opposite 
Hopf bimodule. If N is commutative, a = (3 and T = cjvoF, then (A'^, M, a, a, F) 
is equal to its opposite: we shall speak about a symmetric Hopf bimodule. 

Definition 3.2. — Let {N,M,a,P,r) be a Hopf bimodule. A normal, semi- 
finite, faithful operator-valued weight from M to a{N) is said to be left in- 
variant if: 

{id fj-ka Tl)T{x) = Tl{x) 1 for ah x G M1^^ 

N N 

In the same way, a normal, semi-finite, faithful operator-valued weight from M 
to P{N) is said to be right invariant if: 

(Tr /3*a id)r{x) = 1 0(^a Tr{x) for all x € M:^^ 

JV JV 

Wc give several examples in the last section. In this section, {N, M, a, (3, F) 
is a Hopf bimodule with a left operator- valued weight Tj, and a right operator- 
valued weight Tr. 

Definition 3.3. — A *-anti- automorphism i? of M is said to be a co- 
involution \{ Ro a = B? = id and cjv o {R /3*a -R) o F = F o ii. 

JV 

Remark 3.4. — With the previous notations, let us notice that RoTl o R 
is a right invariant operator- valued weight from M to P{N). Also, let us say 
that R is an anti-isomorphism of Hopf bimodule from the bimodule and its 
symmetric. 
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Let ^ be a normal, semi-finite, faithful weight of N. We put: 
^ = fio o Tl and * = ^ o o Tr 
so that, for all x E M+, we have: 

{id $)r(x) = Tl{x) and /3*a id)r(x) = Tr{x) 

If H denote a Hilbert space on which M acts, then N acts on iJ, also, 
by way of a and /3. We shall denote again a (resp. /?) for (resp. anti-) the 
representation of N on H . 

3.2. Construction of the fundamental isometry. — 

Definition 3.5. — Let define (3 and d by: 

j3:N~^ C{H^) and a : N C{H^,) 

X ^ J^a{x*)J^ X 1-^ J^,l3{x*)J^, 

Then (3 (resp. a) is a normal, non-degenerate and faithful anti-representation 
(resp. representation) from A*" to C{Hi^) (resp. C{H^)). 

Proposition 3.6. — We have A^{J\fT^ n Af^) C £)((iJ$)^, and for all 
a e Afrz, n A/^, we have: 

i?'^''^°(A$(a)) = AT,(a) 
j4feo, we /lawe A,f (A/th H A/",!/ ) C D{a{Hqj), /i) aKc? /or a/Z 6 G A^r^ n A/V. i/ieK; 

i?"'^(A*(&)) = AT«(6) 
Remark 3.7. — We identify with H^o^-i and iJ^ with H^oj^-i. 
Proof. — Let y E M^i analytic w.r.t ji. We have: 
/3(y*)A<,(a) = A*(aa*,/2(a(y*))) = A<,(aa^°;;\a(y*))) 

- A*(aa(a^,,/2(?/*))) = At, (a)A4a^,^/2(y*)) = At. (a) J^A^(y) 

Thanks to lemma IT^ we get /3(y*)A$(a) = At. (a) J^Ap(y), for all y e TV^i, 
which gives the first part of the proposition. The end of the proof is very 
similar. □ 

Proposition 3.8. — We have J^D{{H^)p,^°) = D{a{Hq,), fj.) and for all 
rj E D{{H^)p, ^°), we have: 

Also, we have JqiD{a{H^), fi) = D{(H^)p, fi°) and for all ^ E D{(H^)p, ^°), 
we have: 

i?'''^°(>/*0 = ^*^"'''(O^P 
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Proof. — Straightforward. 



□ 



Corollary 3.9. — We have A^(T^^Tl) C D{{H^)^,n°)r\ D{a{H^),iJi) and 
A^{T^,T^)CD{A{H^),^i)nDiiH^)0,li°). 



Proof. — This is a corollary of the two previous propositions. 



□ 



Remark 3.10. — The invariance of operator- valued weights does not play a 
part in the previous propositions. 

Proposition 3.11. — We have {tuy^^ pi^a id){T{a)) e Mtl n A/$ for all ele- 

merits a G Nt^ ^ ■^<s> and t', ^ G D{H0, fj°). 
Proof. — By definition of the slice maps, wc have: 

»d)(r(a))*K,j f3*o. ^dma)) = (A^'")*r(a*)Af '"(Af ■")*r(a)A^'« 

< \\XfX{^v,v f3*a idma*a)) 

< \\R^'''\m\'^v,v 0*cc id){T{a*a)) 

Then, on one hand, we get, thanks to left invariance of T^: 

TlH^^v.^ «rf)(r(a))*(w^,j ;3*a i(i)(r(a))) 



< 



^Tl{{lo^,v f3*a id){r{a*a))) 



^\\TL{a*a)\\\\a{< v,v>p.^o)\\l 
^TL{a*a)\\\\Rf'-^\v)ri 



So, we get that /5*q, id){T{a)) € Mt^- On the other hand, thanks to left 

invariance of T^, wc know that: 

0-kocid){T{a)))*{ujy,i^ 0'kocid){T{a))) 

is less or equal to: 

\\R0'i^''{^)\\H{{uj,,, id){T{a*a))) 

= WRf-^^iOf^vAiid /3*a $)(r(a*a))) 

= \\RP'^\mHTL{a*a)v\v) < \\R^''^\m'\\nia*a)\\\\vr < +oo 
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So, we get that {iOv,^ /3*q *c?)(r(a)) G A/*. □ 

Proposition 3.12. — For all v,w e H and a,b e JVq, D Utl , we have: 

{v k^{a)\w a®p A<i>(6)) = {TL{h*a)v\w) 

p," fj.° 

For all v,w H and c,d A/* H , we have: 

(A^,(c) v\K^,{d) w) = {TR{d*c)v\w) 

Proof. — Using ITEl and 12.31 we get that: 

{v a(g)^ A<i,(a)|w a<^0 A^{b)) = {a{< A^{a),A^{b) >0^^„)v\w) 

ix" fJ." 

= {a{TTfj,{a^^ {TLib* a))))v\w) 

which gives the result after the identification of TTf_i{N) with N. The second 
point is very similar. □ 

Lemma 3.13. — Let a G HMt^ o,nd v e D(Hf}, fi°). The following sum: 

i3<E)a A<s,{{uJv^^. p-*:a ■id){T{a))) 

converges in H f3®a for all {N° , fi°) -basis (Ci)ie/ of Hp and it does not 
depend on the {N° , -basis of Hp. 

Proof. — By 13.111 we have (ijJv,^, f3*a id)(r{a)) e 7V$ n Afxj, for aU i e /, 
and the vectors p(®a A$((w^,^. p-ka id){T{a))) are two-by-two orthogonal. 
Normality and left invariance of $ imply: 



P®c A^iiuy^^^ p*a id){r{a)))\\^ 

= ^(a(<6,Ci >/3,p°)A*((t^i,,4, /3*Q id)(r(a)))|A$((w„^^, pi^a id){T{a)))) 

= $((A(^'")*r(a*)[^ Af;"(Af;")*A|'"(A^;")*]r(a)A(^'") 
tei 

= p*a id){T{a*a))) = {{id p^^ $)(r(a*a))u|u) = {TL{a*a)v\v) < oo 

We deduce that the sum X^ie/ ^'S>ii^v,^i p*a id){r{a))) converges in 
-ff /Ji^jQ -ff*- To prove that the sum does not depend on the {N°, ^°)-basis, we 

A" 
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compute for all b S TVti, n TV.^ and w € D{Hp, 

C^£.i /3<8)q A$((cj„,j, p-ka id){T{a))))\w p(E)a A^{b)) 

= X!("(< f'^"^ >/5,A'°)A*(('^i',«, /3*a id)(r(a)))|A<i>(6)) 
= $(6*a(< w >^^^o)(w„^j^ id)(r(a))) 

= $(6*A^'"[^ Af;"(Af;")ir(a)Ae-") = <i>(6*(c..,„ p^o. »d)(r(a))). 

As D{Hp,^°) A$(A/'Ti n A/"*) is dense in H ^®ct -ff* and the last expression 
is independent of the (-/V°, /i°)-basis, we can conclude. □ 

Theorem 3.14. — Let H be a Hilbert space on which M acts. There exists 
a unique isometry Uh, called fundamental isometry, from H to 

11° 

H f3®a such that, for all {N° , -basis {^i)iei of Hp, a G A/tl H A/* and 
V e D{Hfj,fi°): 

Uh{v a®p^<i'{a))=Yii /3(X)q A$((w„^^, i3-kaid){r{a)))) 

Proof. — Bv l3.13| we can define the following application: 

(w, A$(a)) p(E)a ■A<s>{{i^v,i, p-ka ■id){r{a)))) 

iei 

Let b e Mtl ^ and w E D{Hp, Then, by normality and left invariance 
of <I>, we have: 

iU{v,A^{a))\U{w,A^{b))) 

= ^ (a(< >/3,^°)A*(K,4, id)(r(a)))|A<i,((w„,^^ p-k^ id){T{b)))) 

= ^(A$(a(< >^,^o)(w„,^^ pk^ irf)(r(a)))|A<i,((u;^,^, pk:^ id){T{b)))) 



5]$((AS'")*r(6*)Af;"a(< >0.^o)(Af;")*r(a)Ae'") 
mxin*'^{b*)[J2 A|'"(A|'")*Af;"(Af;")*]r(a)A^'") 
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Then, properties of {N° , fi°)-hasis of Hp imply that: 

$((wi,,to id)(T{b*a))) = LU^,n,{{id p-ko, $)(r(6*a))) 

= LU^.u,{TL{b*a)) = {TL{b*a)v\w) 

By Ens we get: 

A$(5)) 

so that, from U, we can easily define a suitable application Uh which is inde- 
pendent of the {N°, ^°)-basis byEHSI □ 

One can define a right version of Uh from the right invariant weight: 

Theorem 3.15. — Let H be a Hilbert space on which M acts. There exists 

a unique isometry U'^ from H^, a®f3 H to H^, f3®a H such that, for all 

11° 11 
{N, ^)-basis {r/i)i^i of aH, a £ J^Tr ^ ■^'S' ^.''^^ v £ D{aH, 

[/^(A*(a) v) ^^A^iiid p-ka LLly^,,^){r{a))) i3<E)aVi 

3.3. Relations between the fundamental isometry and the co- 
product. — 

Proposition 3.16. — We have (1 pi^a J'S><^J'S>WHp'^f^^-i = ^i^)p'^i^A^[e) 
all e,x £ Af,s> r\ Utl and {J^fJ^, p(E)a l)C/^A^;^^^^j = ^(y)^j'^A<s.{f) f^"^ 
f,y£ M^HMtr. 

Proof — Let w G D{Hp,^i°) and a (Af°, ^°)-basis oi Hp. We have: 

(1 p®a J<s.eJ<i,)UH{v a®p A$(a;)) 

N 

= 51^* P^a J<i'eJ<i,k^{{LOv,ii p*aid){T[x))) 

= ^^i /3®a /3*a jrf)(r(a;))J<i,A$(e) = r(a;)(w /3(8)q J*A$(e)) 

ByEHlandinSl we have A^{x) £ D{{Hq,)^, and J<i.A$(e) £ D{a{H^),n) 
so that each term of the previous equality is continuous in v. Density of 
D{Hp, in H finishes the proof. The last part is very similar. □ 

Proposition 3.17. — For all v,w £ D{Hp,fi°) and a £ A/* CiJ^Tl, we have: 
iX^n*UH{v A$(a)) = A^(K^ zd)(r(a))) 
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Also, for all v' , w' € D{aH, fi) and b €E A/* H Afxa, we have: 

{ptl*U'H{A^{b) ^<E>^v')^A^{{id p*c.^v'.o'){r{b))) 

Proof. — Let e G A/"* H Afxj^ . By 13.161 we can compute: 

J^eMXi'''rUHiv a®^ A$(a)) = (A^^'")*(l J^^J-S'pHplf^^^v 

= {!^v,w i3*a j(i)(r(a))J$A$(e) 

Density of A/^nA/ri, in finishes the proof. The second part is very similar. □ 

Corollary 3.18. — For all a e JVtl n7V<j, v e D{aH,fj,) n D{Hp,^ji°) and 
w e D{Hp, , we have: 

(wi,,t„ * id){UH)A^{a) = A$((w,„^^ id){T{a))) 

where we denote by {uj^^w * i(i)(C/if) t/ie operator {\P;")*UhK''^ of C{H^). 
Proof. — Straightforward. □ 
Corollary 3.19. — For all e,x e A/* DjKfT^ and rj e D{aH,s,, ^°), we have: 

{id (^J^A^{e),7j)i^ix)) = [id * UJA^(x),J^e' J^7j){Uh) 

Also, for all f,y<E A/* n A/r^ and ^ e _D((iJ*)^, we have: 

(t^j*A*(/),C I3*a id){r{y)) = (wa^(j;),j^/.j^^ * id){UH) 

Proof. — Straightforward bv l3.16l □ 
Corollary 3.20. — For all a,b e TV* n N'tr n Af^ n A/"^^, we have: 

(wA4,(a)„/*A*(6) * id){U'H)* = (wA4,(Q*),J*A4,(b-) * 

Proof — By ESI we have for all e e Af^ C] Ntr- 

{'^K^{a),J^K^{e'h) * id){U'fj)* = (^^ J4, A* (e) , Jg, Ag, (b) /3*a id){T{a))* 

= (wj4,A4,(6),J>i,A4,(e) /3*a id){T{a*)) 
= (^^A4,(Q*)„/4,A*(b-e) * id){U'H). 
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Let {uk)keK be a family in A/"* fl Af^ such that Ufe — > 1 in the *-strong 
topology. We denote: 

efc = — = / e-*\f{uk) dt 



/TT „ 

For all k G K, Ck and cr*^y2(efe) are bounded and belong to AAip and converge to 
1 in the *-strong topology so that J*A^(6*efe) = C7*.y2(efc) J*A*(6*) converge 
to J*A^(6*) in norm of il^. Let ^, S D{aH,fj.) and we compute: 

= lini(J>tA*(efe6) /jOa C|f^ff(A*(a) aO/s r/)) 
keK ^ 

= lim((u;A*(a),J*A*(e*6) * id)iUH)*C\r]) 

By the previous computation, this last expression is equal to: 

lim((wA>,(a*),j*A^(6'e,) * id){UH)^\r]) 

= lim(C/^(A*(a) a®/3 Ok*A*(6*efe) ff^a v) 
keK ^ 

= ([/^(A^>(a*) s®/3 0I-^*A*(6*) /30c, ??) = ((c^A*(a'-),j*A^(fe*) * id){U'H)^\r]) 
By density of D{aH, /z) in H, the result holds. □ 

3.4. Commutation relations. — In this section, wc verify commutation 
relations which are necessary for Uh to be a pseudo-multiplicative unitary and 
we establish a link between Uh and T. We also have similar formulas for U'jj. 

Lemma 3.21. — Let ^ e D{H0,fi°) and -q e D(aH,ix). 

i) For all a G a{N)' , we have A^'" o a = (1 a)A^'". 

N 

a) For all b € f3{N)' , we have X^f = {b p^oc l)Af 

in) For all x G V{(t^^^^), we have = -^^'^ ° Q:(<^^i/2(^))- 

iv) For all x e V{a^/^), we have pf^;^^^^ = o P{a^/^{x)). 

Proof. — Straightforward. □ 

We recall that a{N) and 0{N) commute with /3(iV)'. 

Proposition 3.22. — For all n e N, we have: 

i) Uh{1 a® a a{n)) = {a{n) '^Wh; 

NO N 

ii) Uh{1 a®0 = (1 i3®a l3{n))UH; 
in) UniPin) oc®8 1) = (1 /3®a P{n))UH. 

N" N 
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Proof. — Bv lH.161 we can compute for ail n E N and e,x G Mt^ ^ ^'S> 



{a{n) i3®a J<i,eJ,s>)UHpl'^^r^) = {a{n) p®o, ^)^{x)py",,. 

N N 



^"-'^ -{a{n) p®o.ir<-^-^'" 

N 

r(a(ri)a;)Pj^A^(e) 

."3 



(1 /3«)a M^^>)UHp'"f:^(^^^„)^) 



N 

= (1 P®a J^eJ,J,)UH{l a®p a('^))PAf(a:) 

N j^o 

Usual arguments of density imply the first equality. The second one can be 
proved in a very similar way. By 13. 161 and 13.211 we can compute for all n G 7^ 
and e, X S Ntl ^ ■^<s '■ 

N 

l-l- 

i/ 

f3,a 



r(a^)PjfA^(e)/3(") 

(1 p(g)a J^eJ^)UHp'^'^(^)P{n) 



N 



= (1 I3®a J<i>eJ^)UH{P{n) a®0 '^)p'a^(x) 
N jv° 

Density of T^^ in N and normality of [3 and (3 finish the proof. □ 
Proposition 3.23. — For all x e M' n C(H), we have: 

Uh{x a® a 1) = {X p®a '^)U H 

NO N 

Proof. — Foralle,j/ e7VT^n7V<i> and a; G M'nC{H) C a{Ny n P{Ny n C{H), 
we have bv l3.16l 

{x 0(S)c, Jt>eJ'i.)UHp''t:!(v) = p®'^ i)r(2/)pj;rA*(e) 

N N 



^{y)p' 



7<j,A<j, (e) 



X 



(1 f3<»a J'seJ^Wnp'^'f, )X 



N 



= (1 /3®Q J^eJ^)UH{x a®p '^)p'A^ly) 
N jvo 

Usual arguments of density imply the result. □ 
Corollary 3.24. — For all n e N, we have: 
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i) UH^0{n) 1) = (/3(n) ^(g)^ 1)Uh^ 

NO N 
NO N 



Proposition 3.25. — We have T{m)UH = Uh{1 a'^^ m) for all m e M. 

NO 

Proof. — Bv l3.16l we can compute for all e,x £ Ntl ^ A/*: 

(1 p®o. J^eJ^)Tim)UHpl:L. = r(m)(l /3«)q Jq,eJ<i,)UHp'^^,^) 

N N 

= (1 0<»c J^eJ^WHplf,^^,) 

N 

N NO 

Usual arguments of density imply the result. □ 

3.5. Unitarity of the fundamental isometry. — To prove unitary of Uh 
(resp. U'jj), we establish a reciprocity law where both left and right operator- 
valued weights are at stake. 

3.5.1. First technical result. — We establish results needed for 13.5.31 In the 
following proposition, we compute some functions 9 defined in section [2. 21 

Proposition 3.26. — We have for all c e TV* nAfxn, (-^i- I^-^Th)* and 
veD{Hp,p°): 



Proof. — Let x E A/q, {^Ntb.- On one hand, we get bv 13.61 and I 

eP'^'\v,J^K.^{c))mK^{x) = RP'^"" {v)RP'^''' {J^,K^{c))* K^{mx) 

= i?'3'^°(u)J^AT«(c)* J*Avi,(TOa;). 
On the other hand, if c e T^ Tr, then we have bv l3.12l 
iXZ\^.~,rP^'^J^c*J^A^ix) - (A^f J*cV* A* (x) v) 

= TR{ma;cr*,/2(c))i; 

= R^'^^°{v)J,K,{r\Tn{af,^{c*)x*m*))) 
= Rf^'^"" iv)Jf,ATR{c)* J^A^imx) 

We obtain: 
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for all c G A/V n Mtr by normality which finishes the proof. □ 

Corollary 3.27. — Let a & (A/"* n MTn)*{-N''i> n Mtl)- If c e Af^ n Mtu, 
e e 7V$ nWTi ^ e -ff*,?? e D{aiH,f>), fi), u e H, v e D{Hi3,^°), then we 
have: 

{v f3<»a {>^j'"/^^(^c))*Uh.^,{£_ A$(a))|M i3®a J-i-e* J<s>v) 



Proof. — Bv l3.16l and l3.26l we can compute: 

\/4,A 



0'''''°(t;,J*A^(c))(p^;'")*r(a)p^^;^"^^(^)^|^) 

(J*C*J*^ a«)/3 t;|A*((id /3*a Ci^,,^J^A4,(e)))(r(a*))) a®/? w) 



□ 



3.5.2. Second technical result. — In this section, results only depend on 13. 161 
and co-product relation but not on the previous technical result. Let Ji be an 
other Hilbert space on which M acts. 

Lemma 3.28. — Let a,e e Af^ (^J^Tl, S, G -0(^/3, V ^ D{aH,fi), and 
CgH. We have: 

A*(a))]) 

N 

= (Af^" p®o.l)*{id r)(r(a))(C ;3®a?? /3(^a J<i.A<i>(e)) 

N N fj. p, 

Proof. — First let assume ( e D{T-lp, ^°). Bv l3.17l and l3.16l we can compute: 

(1 I3®a J<i,eJ^)UH{V a®p [(A^'" ) * t^W (C A*(a))]) 

M° M° 

= (1 p®a J.s,eJ,i,)UH{r] a®fj A$((w(;^^ p^a id){T{a))) 

N fJ. 

= r((tj^^5 irf)(r(a)))(?7 i3®a J-s>^<s>{e)) 
M /J 

= (Af " l)*{id r)(r(a))(C p®a V I3®a J<s>^^{e)) 

N N u u. 



24 



FRANCK LESIEUR 



So, we get the result for all ( G D{Hp,fi°). The first term of the equality 
is continuous in ( because rj e D{aH,fj.) and A$(a) £ Z)((7J$)^, Also, 
since 77 € D{aH,^) and A$(a) G D{{H^)p, ^°), the last term of the equality is 
continuous in Density of D{Tifj^ in Ti. finishes the proof. □ 

Lemma 3.29. — The sum E»e/??» c.®p K^f ")*C/H((p^f )*S A<t,(a))] 
converges for all ^ G D{Hf3, S G 7i /jiEiq H , a <E A/$ Ci Afx^ (N,^)- 
6asis (?7i)ie/ 0/ ^iJ. 



are 



Proo/. — First, observe that ry, [(A^'")*C/^^((p^f )*S a®/3 A$(a))] 

orthogonal. To compute, we put: fli = ^^/j A$(a). Bv lX^ and lX^ 

we have: 

fj." 

= (/§(< 7j,,rj, >c.,^){xin*unm\{\in*unm) 

= ((Af'")*(l p(g>^ p{< ?7„7y, >a,M))f/w(^^^)|(Af■")*^7w(^!0) 



Bv l3.12l it follows that we have, for all i G /: 

/J" p." 

< „®^A$(a)|(p^:")*S „®^A$(a)) 

p° fj.° 

<l|i?'''"(e)lP(TL(a*a)(p^f)*S|(p^;")*S) 
<||i?'^-"(Oin|T(a*a)||((p^f)*S|(p^f)*S) 

So, we can sum over i G / to get that: 

Ell^^ [(Af'")*L/«((p^f)*S .®^A$(a))]|p 

is less or equal to ||i?^'"(C)|P||T(a*a)||||S|p < 00. That's why the sum con- 
verges. □ 



MEASURED QUANTUM GROUPOIDS 



25 



Proposition 3.30. — Let a,e e Afq, nVVT^, S e H p(g)a H, ^ e D{Hf},^i°), 
rj e D{a{H^), ^) and {rii)ii^i a (N, ^)-basis of aH. We have: 



= (Af'")*r((id tJj^A.^(e),r,)(r(a)))S 

Proof. — The existence of the first term comes from the previous lemma. By 
land the co- product relation, we can compute: 

iei ^ A*" 

^(p^-")*(Af" /3®al)*(«d /3*ar)(r(a))((p^:")*S ^®„77, J$A$(e)) 



Af N 



= iP^,n*{^t /3®-l)*(r ^*„zd)(r(a))([^p^;"(p^:")*]S J$A*(e))) 

N N M 

= (P^)^")*(Af " ;3<^al)*(r ^*„zrf)(r(a))(S J$A*(e))) 

AT JV M 

= (Af")*(l ,5®«p^'")*(r ^*„id)(r(a))(S ^®„J$A*(e))) 

JV Af M 

= (Af ")*r((zd a;j,A,(e),,)(r(a)))S 

□ 

With results of the two last sections in hand, we can prove now a reciprocity 
law where Ti. will be equal to H\s/. 

3.5.3. Reciprocity law. — For all monotone increasing net (efc)fegx in A/'ifnA/T^. 
of limit equal to 1, the following (wj>i,A<(,(efc))fcGA: is monotone increasing and 
converges to ^I^. So, for all x G A/* n A/tj^, {uJj^A^(ek) i3*a id){T{xj) converges 

/J 

to p-ka id){T{x)) in the weak topology. We denote (k = JaiA^(e^efc) £ 
D{{H^)p,^i'') for aU keK. 

Proposition 3.31. — Forallae (7V^n7VT„)*(7V<jn7VTj,)), e e 7\4n7VTj,,& e 
M^OAfTmC e T^^,^TR, V G D{Hi3, ^°),ri e D{a{H,s>), fJ-) and {N, ij,)- basis of aH, 
, we have that the image of: 

J2m [(A^^")*[/^/J[(p^:")*C/^(J*c*J*A*(6) v)] A$(a))] 
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iPj'"e*j^r])*^H converges, in the weak topology, to: 

Proof. — Let u £ H. We compute the value of the scalar product of: 
UH{J2m [(A^^")*;7Hj[(p^:")*f/;^(A*(6c) s^^pv)] A*(a))]) 

by u j3®a J<i>e* Ji^rj. By 13.301 we get that it is equal to: 

{T{{id p-ka l^,UA^{e),7j){T{a)))U'H{A-i,{bc) w)|Cfc 0<^a u) 

II fj.° p. 

By the right version of 13.251 this is equal to: 

Bv l3.15l we obtain: 

ma))bc))v\u) 

which converges to: 

ma)))bc)v\u) 

Now, by right invariance of rp. in^ and lS.27l we can compute this last expres- 
sion: 

((^' /3*a id)(r((id ,3-kaUJ,j^/^^(e)^,i){T{a)))bc)v\u) 

= {TR{{id p-ka ujj^A^{e),rt){T{a))bc)v\u) 

= (A*(6c) Q(g);3 v\Aq,{{id pi^a ^r,.Ji.At.{e)){^{o*)))) &®0 u) 

11° II 11° 

= [v /3«)q (A^-^^^4,^^.^P*L/h4,(A*(6) a«)^A$(a))|u -he* J<t>rTi) 

II 11° 

which finishes the proof. □ 

Let (?7i)ig/be a (A^, /x)-basis of aH. For all finite subset J of /, we denote 
by Pj the projection J2iej ^"''^iVi^Vi) £ Oi{Ny so that: 

For all e g A/"* n A/ti, , we also denote by Pj: 

1 0(S>a J^e*J^PjJ^eJ^ ^J^P'jCe-'J^m^PjCe-'J^n,^* 
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Corollary 3.32. — For all a g (A/VnA/'TH)*(A/'$nA/'Ti), h G ^^^f^^^Ta, and 
c G "Ti.Tfi; V G D{Hp, ^°), e G A/* n A/r^ a^id J finite subset of I, we have: 

PjUniY.'n^ c.®()[{>^QCyUHMp^r,f)*U'H{'hc*,hK^{b) v)] „®^A$(a))]) 

converges, in the weak topology, to: 

Proof. — We apply to the reciprocity law Pj^", which is a continuous linear 
operator of H in H fj®a H^, and also a continuous linear operator of H 

with weak topology in H H'S' with weak topology. Then, we take finite 

sums. □ 

Until the end of the section, we denote by Hq, the closed linear span in 
iJ$ of {Xi'^yUH^iv a<E)p A$(a)) where v G i?*, w G J*A*(AA,p n Wt^), 

and a G (A/'<p H A/'Tn)*A/'<5 n A/tz,. By the third relation of lemma (resp. 
proposition 13 . 22|l . a (resp. /3) is a non-degenerated (resp. anti-) representation 
of N on H$ . 

Lemma 3.33. — Let a e (TV* n 7Vth)*(A^5 n Wt), 6 G TV* n TVr^, c G '7*,Th, 
u G D{Hp, pL°) and {f]i)i^i a (N, fj,)-basis of aH ■ We put, for all k G K: 

Ek = {Y,V^ c.'»0[{X^^p*UHA[{P^^n*UH{J^c*J^A^{b) s.'S>pv)] „®^A$(a))] 
r/ien t/ie Tiei ('E.k)keK is bounded. 

Proof — Let S = w (^j^"a>i,(c))*^^* (^*(^) ""^,3 ^y the previ- 

ous corollary, we know that PjUn^k weakly converges to PJS, so that: 

lim hmPrfZ/fSfc = S 

X||e||<l k 



Consequently, there exists C G such that 

36 



sup supllPjt/HSfcll <C 



J,||e||<l fc 

and, the interversion of the supremum gives: 

C>sup sup ||Pj?7//Sfc|| = supllf/^/Sfcll = sup||Sfc| 

k J,||e[l<l k k 



□ 



28 



FRANCK LESIEUR 



Corollary 3.34. — For all a e (TV* n A/'th)*(A/'4> n A/V), b e ^^^s, n Mtr, 
c £ "T^.Tb; V G D{Hp,^°) and {rii)i^i a (N, fi)-basis of aH , we put: 

for all k £ K, and: 

Then Un'^k converges to S in the weak topology. 

Proof — Let 9 e if /3(8)q and e > 0. Then, there exists e e A/* n A/ti, of 

norm less than equal to 1 and a finite subset J of / such that 1 1(1 — fj)6| | < e. 
By 13.321 there also exists ko such that {{PjUn'^k — < e for all k > kg. 

Then, we get: 

< liUnEk - P}UHE,\e)\ + \{P}UhE, - PjS|e)| + \iP]E - Em 

< \{UhE,\{1 - P])Q)\ +e+\iE\{l- Pj)e)| 

< HUhE^HI - P])e)\ + e + |(S|(1 - P])e)\ < {supkekWEkW + \\E\\ + l)e 

□ 

Corollary 3.35. — We have the following inclusion: 

H f3®aUiS> (^UniH a^pH^) 

Proof. — By the previous corollary, we know that E belongs to the weak closure 
of Uh{H a®j3 W*) which is also the norm closure. Now, Uh is an isometry, 

11° 

that's why ^§5^ 7^$) is equal to q^^'H*). □ 

11° fi° 

Theorem 3.36. — Uh ■ H -ff* — > H p(®a -ff* is a unitary. 

fi° p- 

Proof. — By the previous corollary, we have: 

(1) H C Uh{H n^) C Uh{H a® (I H,j>) C H H^. 

M ^l° fi° fj- 

Also, using a {N°, ^°)-basis, we have, for all v G iJ* and a £ Afr^ H A$: 

Uh^{v a<X)^ A0(a)) = /3«la (A|'")*C///^(w a(g)^A0(a)) 
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SO that Uh^{H\^ a®fj H,s>) C iJ^ ^(g)^ The reverse inclusion is the 

relation (Q) applied to iJ^. Consequently, we get: 

p," fj." 

Since [///^ is an isometry, Hqi q,®^ = i/ij, ?i$ and, so = 

p," fj." 

Finally, by inclusion we obtain Uh{H a®i3 ~ H H,^,. □ 

Corollary 3.37. — // [F] denote the linear span of a subset F of a vector 
space E, we have: 

= [A<E,((w„,^ 0(g)„ id){T{a)))\v,w G D{Hp,fi°),a e Af^s, D AfrA 

= [{Zn*UH{v c<i^^A.i>{a))\veH,weD{Hp,fi''),aeM.!>nMT^] 

Proof. — The second equality comes from 13.181 The last one is clear. It's 
sufficient to prove that the last subspace is equal to Let rj G iJ$ in the 
orthogonal of: 

id){UH)^\v e DUH,fi),we D{Hp,fi°),^e H^] 
Then, for all v E D{aH, fi),w E D{Hp, and ^ G Hq,, we have: 

{Uh{v 0\w p®a v) = {{^^vAu * id){UH)£.\v) = 
fj." 1^ 

Since Uh is a unitary, w 0®a rj — for all w G D{Hp, from which we 

iJ_ 

easily deduce that rj — fbv l2.1Ql for example). □ 
Corollary 3.38. — We have T{m) = a®p tti)U^ for all m e M. 

Proof. — Straightforward thanks to unitary oi Uh and 13.251 □ 

3.6. Pseudo-multiplicativity. — Let put W = U'^^. We have already 
proved commutation relations of section and, now the aim is to prove that 
is a pseudo-multiplicative unitary in the sense of M. Enock and J.M Vallin 
definition 5.6): 

Definition 3.39. — We call pseudo- multiplicative unitary over N w.r.t 
a,$,P each unitary V from H p®^ H onto H H which satisfies the 
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following commutatfon relations, for all n,m€ N: 

(/3(n) „(^A a{m))V = V{a{m) fs^^ 

NO N 

and 

NO N 

and the formula: 

(V l)(cr^o 1)(1 a®^V)a2^{l /3®aCr^°)(l f3®»V) = 

NO NO NO N N 

(1 »<»0 V){V p(E)c. 1) 
NO N 

where the first cr^o is the flip from H a®p H onto H H, the second is the 

flip from a® 13 H onto H and (72/^ is the flip from iJ p®a H H 

onto [H i3®a H). This last flip turns around the second tensor 

product. Moreover, parenthesis underline the fact that the representation acts 
on the furthest leg. 

We recall, following ( |Enor)2| . 3.5), if we use an other n.s.f weight for the con- 
struction of relative tensor product, then canonical isomorphisms of bimodules 
change the pseudo-multiplicative unitary into another pseudo-multiplicative 
unitary. The pentagonal relation comes essentially from the co-product rela- 
tion. So, we compute (id ^*q, F) o F and (F p-ka id) o F in terms of Ur with 

the following propositions 13.421 and 13.4^ Until the end of the section, Ti. is an 
other Hilbert space on which M acts. 

Lemma 3.40. — We have, for all G D{aTi.,n) and ^2 G D{Hf3,n°): 

No 

and: 

N No No 

Proof. — The first equality is easy to verify and the second one comes from 
the first one. □ 

Proposition 3.41. — The two following equations hold: 

i) for all 6 G -D(aH,M),ei e DUH,^i),^2 G D{nf3, fi"),^^ G D{Hp,^i°) 
and 771 , ?72 G 7?$ , the scalar product of: 

(1 /3(8)a C/-h)0-2ai°(1 Q«'^Cr^)(l a<»l3UH){(J^ !3<^a ^l] a<^ p Vl) 

N N° N° N° M u° 
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by i'2 f5®a 6 i3®a m is equal to ((t^Ci,^^ * id){Uu){t^(,'^,i'^ * id){UH)m\'n2)- 
ii) for all a G A/$ C\Ntl, ^1 ^ ^ ^.'^d, ^ D{Hi^, ^°), the value of: 

{Xp")*{l /3«)a C/-h)(T2m°(1 a®/3CrM)(l 13 U h) {(J a®^ 1) 
^ Af No N" jyo 

on [^i /9®ct Ci] Q®/3 A$(a) is egwaZ to; 

t/-H(Ci a®^ A$((w^^^j^ i3*a id)(T{a)))) 

N" M 

Proof. — By the previous lemma, we can compute the scalar product of i) in 
the following way: 



((Ag")*(l 



= (t/«A|;'^(Aj")*t/H(ei .^0ViM2 p®o.m) 
^ 11° M 

= ((A|")*{/«(a (^^;,^. *jd)(t/H)?7lh2) 

= (Ki,?2 * * id){UH)m\m) 

Also, the second assertion comes from the previous lemma and Il-t.l7l Let's 
first assume that G D{aTL, /i). Then, we compute the vector in demand: 

(Af;")*(l /3®a t/w)CT2p°(l a<»flCr^)(l c.® [3 U H)\Tf a®«A<i,(a)) 

N NO N" ^ ^<r 

= UnXlf{Xlp*UHi^[ A*(a)) 

A^ll^^^j.^^ /3*a irf)(r(a)))) 

So, we obtain the expected equality for all e D{a'H,^). Since the two 
expressions are continuous in ^i, density of D{oi'H,^) in TL implies that the 
equality is still true for all □ 

Proposition 3.42. — For all a,b e 7V$ C^Utl, have: 

{id 0*o.T){r{a))p'^j^^^^^^ 



= (1 /3<8)q (1 P®a J<S>bJ,l>)Un)cr2ti''{'^ a®0 Cr^){l a®l3UH){crf, q'X'^ l)PAf(a) 
N N ATo JV° jv° 
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Proof. — Let £ Ti. and ^^,^2 G D{Hp,fi°). We compose the second term of 
the equahty on the left by (A^,'")* and we get: 

TV ^ AT iqo N" 

which we evaluate on^J. f3®a£,i,^o get, by the previous proposition and 13.161 
(1 /3«)q J$6J$)?7-h(Ci 
= r((a;5;,^. «rf)(r(a)))pjfA^(b)Ci 

So, the proposition holds. □ 
Lemma 3.43. — For all X e M M C (1 p^a f^iN))' , we have: 

N N 

(F p-kaid){X) = (Uh /3<»a 1)(1 a<»rjX){U;j I) 
N N No N 

Proof. — Bv l3.38l F is implemented by Uh so that we easily deduce the lemma. 

□ 

Proposition 3.44. — For all a,b e 7V$ n , we have: 

N 

= (1 /3®a 1 p(^a J^bJ^)(UH /3®a 1)(1 a<^^ W^*)(C/^ l)/OAf(a) 
N N N ffo jv° 



Proof. — By the previous lemma and l3.1t)l we can compute: 



N N N j^o j^o 

{Uh /3®a 1)(1 a«)«l /3«)a J<I.W<i>)(l a®fl W^*)/OAf(a) 

{Uh p®a 1)(1 a®a (1 /3«)a J$W<i.)W^VAf(a))^ff 
TV M" N 



= {Uh p®o. 1)(1 r(a)p%"^^(,))C/^ 

Af AT" 

{Uh p®al){l a®pna)){UH c.®pl)p'j'Xib)^^^ pyid){na))pPj^j^ 

□ 



AT 

. . - , . . (&) 

N jsfo fqo N 
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Corollary 3.45. — The following relation is satisfied: 

1)(1 

N° N° N° N N 

= (1 »®0 W)iUlf f3®a. 1) 



N 



Proof. — We put together im (with U = H^) and EH thanks to the co- 
product relation. We get: 

(1 p®aW*)a2t,o{l a®a(J^,){l a® 13 U h) 

N 

= {Uh I3®a a®p W*)(U^ a® p 

N jv° AT" AT" 

Take adjoint and we are. □ 
Theorem 3.46. — W is a pseudo-multiplicative unitary over N w.r.t a, (3, p. 
Proof — W is a unitary from f3®a onto a®0 which satisfies 

the four required commutation relations. The previous corollary, with H = H^, 
finishes the proof. □ 

Similar results hold for the right version: 

Theorem 3.47. — IfW — U'^ , then the following relation makes sense and 
holds: 

(W ,3®a 1)K /3«)a 1)(1 /7^)cr2M° (1 &®f3(^t.){l &®fiU'H) 

N N N N" N" 

= (1 p®c. U'h){W' a®p 1) 

N N° 

If H = H^i , then W is a pseudo-multiplicative unitary over N° w.r.t f3,a,a. 

Proof. — For example, it is sufficient to apply the previous results with the 
opposite Hopf bimodulc. □ 

3.7. Von Neumann algebra generated by right leg of the fundamental 
unitary. — 

Definition 3.48. — We cah A{Uh) (resp. -4([/^)) the weak closure in C(H) 
of the vector space (resp. von Neumann algebra) generated by {ujy_w * id){U'^) 
with V £ D{a{Hq,),^j.) and w G D{{Hq,)p, 
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Proposition 3.49. — ^([/^) is a non- degenerate involutive algebra i.e 
A{U'h) = A{Uh) such that: 

a{N) U f3{N) C A{Uh) = A{U'h) CMC a{NY 

Moreover, we have: 

X e A{U'h)' r\ C{H) ^ U'h{1 e,®0x) = {l fj®c.x)U'H 

N" N 

In fact, we will see later that A{U'h) = A{U'fj) = M. 

Proof. — The second and third points are obtained in |EVOO| (theorem 6.1). 
As far as the first point is concerned, it comes from |Eno02j (proposition 3.6) 
and 13.201 which proves that A{U'u) is involutive. □ 

To summarize the results of this section, we state the following theorem: 

Theorem 3.50. — Let {N,M,a,l3,T) he a Hopf bimodule, Tl (resp. Tr) he 
a left (resp. right) invariant n.s.f operator-valued weight. Then, for all n.s.f 
weight ji on N, if $ = /i o o Tl, then the application: 

V algl^ A$(a) l-> f3<E)a ■^<S>{{l^v,i, /3*a «rf) (r(a))) 

for all v e D{{H^)i3, a £ A/r^ HA/*, {N° , fj,°) -basis (6)ie/ of (i?*)/3 and 
where l3{n) ~ J^a{n*)J^, extends to a unitary W , the adjoint of which W* 

is a pseudo-multiplicative unitary over N w.r.t a, [3, (3 from a®0 onto 

fj." 

Hq, H<i>- Moreover, for all m G M , we have: 

r(TO) = W*{1 m)W 

N° 

Also, we have similar results from Tr. 



4. Antipode 

Until the end, we introduce a new natural hypothesis which gives a link 
between the right (resp. left) invariant operator-valued weight and the (resp. 
anti-) representation of the basis. Then we construct a closed antipode with 
polar decomposition which leads to a co-involution and a one-parameter group 
of automorphisms of M called scaling group. 
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4.1. Measured quantum groupoid's definition. — 

Definition 4.1. — We say that a n.s.f operator- valued weight Tl from M to 
a{N) is /3-adapted if there exists a n.s.f weight i'l on N such that: 

for all n G iV" and <: £ R. We also say that Tl is /3-adapted w.r.t vl- 

We say that a n.s.f operator-valued weight Tr from M to /3{N) is a-adapted 
if there exists a n.s.f weight z/^ on N such that: 

af-(a(n))=a«"(n)) 

for all n e and t e M. We also say that Tr is a-adapted w.r.t i/p. 

Definition 4.2. — A Hopf bimodule {N, M,a, P,T) with left (resp. right) 
invariant n.s.f operator-valued weight (resp. Tfj) from M to a{N) (resp. 
f3{N)) is said to be a measured quantum groupoid if there exists a n.s.f 
weight V on N such that is /3-adapted w.r.t v and Tji is a-adapted w.r.t ly. 
Then, we denote by {N, M, a, /3, F, i^, T;,, Tr) the measured quantum groupoid 
and we say that v is quasi-invariant. 

Remark 4.3. — If a n.s.f operator-valued weight from M to a{N) is (3- 
adapted w.r.t ly and if i? is a co-involution of M, then the n.s.f operator-valued 
weight RoTl o R from M to P{N) is a-adapted w.r.t the same weight v. 

Lemma 4.4. — If fi is a n.s.f weight on N and if an operator-valued weight Tl 
is f3-adapted w.r.t v, then there exists an operator-valued weight from M to 
(3{N), which is a-adapted w.r.t ^, such that fio a^^ oTl — V o I3~^ o S'^ . Also, if 
X is a n.s.f weight on N and if an operator-valued weight T^t is a-adapted w.r.t 
V, then there exists an operator-valued weight from M to a{N) normal, 
which is 13-adapted w.r.t x such that x ° ° Tji = v o (3^^ o S-^. 

Proof — For all n £ N and t G R, we have a^" (/3(")) = <^r'^~\P{n)). 
By Haagerup's theorem, we obtain the existence of 5'' which is clearly adapted. 
The second part of the lemma is very similar. □ 

Let (TV, M, a, /?, F, i^, Tl, Tr) be a measured quantum groupoid. Then the 
opposite measured quantum groupoid is {N° ,M, f3,a,<,N ° F, Tr, T^). We 
put: 

$ = i/ o a~^ o Tl and v]/ = j/ o (3'^ o T/j 
We also put ^ Sl and = Sr. By EEl and EHI we have: 

A$(r$,sJ C J^A$(AA$ n AA5J C D{iH^)fj,iy°) 
and we have Rl^ " (J,5A$(a)) = J,s,Asj^{a)Ji, for all a e A/* HN'sl- 



36 



FRANCK LESIEUR 



4.2. The operator G. — We construct now an closed unbounded operator 
on with polar decomposition which gives needed elements to construct the 
antipode. We have the following lemmas: 

Lemma 4.5. — For all X e C, x £ T^icr^^) and e A$(7i^Ti,); we have: 

a(x)A^ C A|a«^(a;)) 

(2) i?"''^(A^OA^ C A^i?"'''(0 
and A^e, C >a,.) =< A^^' 

and: 

/3(x)A4cA|/3«,(a:)) 

(3) R^'''"iAi0^t^^^R^'''°(.0 
ando'(^{< A^C,$' >^_^J C,A^e' >^,.o ■ 

Proof. — Straightforward. □ 

Lemma 4.6. — |Sau86| We can define, for all A S C, a closed operator 
A^ a®^ A^ which naturally acts on elementary tensor products. 

Proof. — Let A G C. We define a linear operator A^ on the algebraic tensor 
product A$(T$^Si) © T^i^i) ^ D{aH^, v) by the formula: 

AA(e0?7) = A^eeA^r/ 

For all e A<i,(r$^s^), r/ e V{A%) and ry' e X>(A|), relations © imply: 

(Aa(^ r;)|C' ry') = (/?(< A^^, >o..)A477|r;') 

= (A^/3«;,(< A^e,r >o,.))'?h') 
= (/3(<C,Aie' >a,.)r?|A^r;') 

I/O z/ 

So, for all A e C, A^ go through quotient to give a densely defined operator 
K\ on H<s>- Moreover, previous equahties prove that Aj C A^. So, 

A^ is densely defined which means Aa is closable. The operator, we look for, 
is this closure. |Sau86j gives full ideas about the subject. □ 
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Since, for all x G N, we have J,i,a{x) = (3{x*)J^, by |Saii88aj . we can define 
a unitary anti-linear operator: 

such that the adjoint is J$ jj®a J^- Also, by composition, it is possible to 
define a natural closed anti-linear operator: 

In the same way, if Fi^ — then it is possible to define a natural closed 
anti-linear operator: F$ : Hq, — > iJ$ q,®^ 7J$ and we have: 

(5'$ a®fj Stj,)* — F$ 

I/O 1/ 

Lemma 4.7. — For all c e (7V$ n 7Vtj,)*(7V* n Wr^), e e 7V$ n Afxj^ and 
all net {ek)keK of elements of J\f^j, D Mtr weakly converging to 1, then 

(^j;A*(e,))*(l /3®" J*eJ*)C/H^p^f(^.) conwer^es to {Kf{c))*UH^Pj'^A^{e) 

i/ie weak topology. 

Proof. — Bv l3.16[ we have, for all k G K: 

V 

This computation implies the lemma. □ 

Lemma 4.8. — If c £ (A/"* n Nt^YW^ H A/^h), e e A4 n A^Ti,, ?7 G ff*, 
V e anrf a net {ek)keK o/AAf n A/t^ converges weakly to 1, f/ien t/ie net- 

{{UH^{ri A$(c*))| J*A*(efc) 0®a J'i>e*J,i,v))keK 
converges to {v\{pj^A^{e))*UH^{J^-i>{c) a®ii v)). 

Proof. — It's a re- formulation of the previous lemma. □ 
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Proposition 4.9. — Let {r]i)i(=i be a {N,v)-hasis of aH , ^ & H^i, pig)a H, 

u e D{aH, v), c € (7V$n7VTi)*(A/*nA/Tj^), h e J\f,s,nJ\fTL and e be an element 
ofAf^ n Mtl n 7V| n 7V^ . Then, we have: 



lim^(r7, /i*(A|^^A^(,^))*f/Hj(p^f)*S A$(c*))|m J$A$(e*)) 

exists and is equal to ((pf ^")*S|(/9^^"^_^(.^p*[/j^^ (A*(c) a^^p A$(/i))). 
Proof. — Bv l3.21l and l3.22l wc can compute, for all z G / and k ^ K: 

=iiXjXieJ*UHAf3{< >a,.)(4")*S A$(c*))|J*eV$A*(/^)) 
Take the sum over i to obtain: 

= A$(c*))|J$A<i.(efc) /3«)a J<i>e*J<i>A$(/i)) 

so that lemma implies: 

lim^(,7, a^ph*{X%\^^^^^rUHA{P^,n*^ „^3A*(c*))|u a®^J*A*(e*)) 
= ((p^^^")*S|(p^^;^'\^(^))*[/^JA*(c) A^h))) 

□ 

Proposition 4.10. — For all a,c £ (A/$ n Afxi^y {^^^s, n A^Th), d e T^.t^ 
and g,h € 7$^s^, t/ie following vector: 

U*H^T{g*){A.j,{h) (A^'^",.^(,.)))*(7HjA*(a) A$((cd)*))) 

belongs to T>{S^ •^*) t^a/we of ay{S^ a® ^ '^^) ^^^-^ vector is 

equal to: 

U*H^r{h*){AAg) /3®a (A^';(^,^(,.)))*C/hJA*(c) „®3A*((a6)*))) 
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Proof. — For the proof, let denote by 5i — f7^^(A^(a5) A$(/i)) and by 

I/O 

S2 = t/^^(A*(cd) a(g)/3 A^{g)). Then, for all e,/ G Wt^ n 7V$ D Af^^ n7V|, 
the scalar product of F<pJ^A<p{e'') a'^0F^J<^A^{f) by: 

C/^^r(5*)(A$(/i) (A^';(^,^(,.^^)*C/^JA^(a) A^((cd)*))) 

is equal to the scalar product of J$A$(e) a'^^ J^A^if^) by: 

f/J,^r(g*)(A*(/^) 0®o(A^';(^,^(,.)))*C/H.(A*(a) A*(M)*))) 

Bv l3.34| this scalar product is equal to the limit over k of the sum over i of: 

By the previous proposition applied with S = Si, we get the symmetric ex- 
pression: 

( A4. (/) ) * ^2 I (P (e) ) * Si ) 

so that, again by the previous proposition applied, this time, with S = S2 we 
obtain the limit over k of the sum over i of: 

c.®ph*{\^/X{e,)y'UH,{{p^r,rY^2 A$ ( ) ) | J,, A* (/) J*A$(e*)) 

I/O 1/° U° 

This last expression is equal to the scalar product of: 

U*Hj{h*){A^{g) (A^-^"(^,^(,.)))*C//^JA*(c) A$((a6)*))) 

by J<[,A<j,(/) Q^Ei^ J$A^(e*) and to the scalar product of: 

a.o;7;,,r(/i*)(A*(5) ;3®o (A;^;%^^(,.)))*;7hJA*(c) „®^A*((afe)*))) 

by J,^A^(e*) ^{8)q J$A$(/). Since the linear span of J$A$(e'') ^{E>a J^A^if) 
where e, / e A/ti, H A/*^ H A/'^^, H A/J is a core of ^(^ol F^, we get that: 

U*H,T{g*){A^{h) (A^-^V,(,.)))*(7J,JA*(a) A*(M)*))) 

belongs to 'D{Sii> 5$) and the value of 5$ S** on this vector is: 

a.^U*H,rih*)iA^ig) (A^';(^, (,.)P*(7h.(A*(c) A*((a5)*))) 

□ 
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Proposition 4.11. — There exists a closed densely defined anti-linear oper- 
ator G on iJ$ such that the linear span of: 

(^A.V.(b-)))*^^*('^*^") A$(M)*)) 

with a^c ^ (A/$ n A/tl )*(-^* ^ -^Ti?.)i b^d ^ '^.Tk; ^-^ ^ ^^'^^ ^ ^'^^ we have: 

Moreover, GV{G) = V{G) and G'^ = id\-D{G)- 

Proof — For all n e N, let fc„ e N, a{n, I), c{n, I) G (7V<i. n 7VTi)*(7Vvi, n Wt^) 
and b{n, I), d{n, I) e T^,^Tr and let ui G iJ$ such that: 

fen 

;=i ' ' 1'° 

= 5I(^Ar(<T*,(d(n,i)*)))*^«*(^*("^("'')) af^^ A$((a(n,/)fe(n, /))*)) 
1 = 1 ' ' 1^° 

We have J7^_j_r(g*)(A$(/i) ^(gjQ w„) g I?(S'$ 5"$) for all e ^,Si, and 

n g N by the previous proposition. Moreover, we have: 
S^)U*HT{9*){K^{h) 

Since A$(g) and A$(/i) belongs to _D((iJ$)^, we obtain: 

The closure of 5*$ a®fi S,^ implies that U'^^r{h*)X^"^^^w — 0. So, apply C///^, 
to get r(/i*)A^i^^g-j w = 0. Now, 7^.5^^ is dense in M that's why A^'^^^^uj = 



for all g £ T<t',SL- Then, bv 13.81 we have: 
II^A.",)"'!!' = («(< A*(5),A*(g) >p.,.^)w\w) = (5L(42(5)a!,/2(g*))«;k) 

By density of ^,5^,, we obtain = i.e w = 0. Consequently, the formula 

given in the proposition for G gives rise to a closable densely defined well- 
defined operator on . So the required operator is the closure of the previous 
one. □ 

Thanks to polar decomposition of the closed operator G, we can give the 
following definitions: 
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Definition 4.12. — We denote by D the strictly positive operator G*G on 
(that means positive, self-adjoint and injective) and by / the anti-unitary 
operator on such that G = ID^^^. 

Since G is involutive, we have I = I* , — 1 and IDI = D^^. 

4.3. A fundamental commutation relation. — In this section, we estab- 
lish a commutation relation between G and the elements {ujy.w * id){U'jj ). We 
recall that W' — U'^.^ . We begin by two lemmas borrowed from |Eno02| . 

Lemma 4.13. — Let he a {N° ,v°)-basis of{H<i,)p. For all w' e D{aH<i,,v) 
and w € H^, we have: 

W'{w' a®!} W) = I3®a {^w' ,e,i * id){W')w 

If we put Si — (uuj'.^; * id){W')w, then a{< >0,i/°)'5i — Si. Moreover, if 

w <E D{a{Hii,),v), then Si ^ D{a{Hqi),u). 

For all v,v' € D{{H<s,)fj,h'°) and i Cz I , there exists Q G Z)((iJ^)^, such 
that a{< >i3,iy)Ci = d and: 

W'{v' v)^^i, Ci 

Proof. — Lemma 3.4 of |Eno02j . □ 

Remark 4.14. ~- If v,v' e A^{T^^Tn) ^ D{aH,v) n D{Hi3,v°), then, with 
notations of the previous lemma, we have Ci S D{&H, v) n D{Hi3, v°). 

Lemma 4.15. — Let v,v' e D{Hfj,v°) and w,w' e D{aH,v). With notations 
of the previous lemma, we have: 

K,^ * id){U'^){u^,^^, * id)lJJ'^) = Y^^uJca. * id){U'^) 

i 

in the norm convergence (and also in the weak convergence). 

Proof — Proposition 3.6 of |Eno02| . □ 

Lemma 4.16. — Let a,c belonging to (7V$ n 7Vtx,)*(A/'^, n Wt^). For all 
b,d,a' ,b' ,c' ,d' e T^^Th, the value of (X^^^^^^ q^,,-^-^)*Uh<s, on the sum over i of: 

A*((wA^(a&),e,*«rf)(W"')a') a«)3A4,((c'd')*H,,A*(cd) 

I/O 

is equal to: 
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Proof. — First, let's suppose that a S T^^Tr- Bv lH.17l and lH.19l we have: 

A$(M)*)) 

V 

= {^A^{a'b'),Ai,{c'd') * id){U']^JA^{{u;/^^(^ab).A*icd) * id){U'j^J) 

By 14.151 and the closure of A$ , this expression is equal to the sum over i £ I 
of: 

A<t.((w(^^^^j^^j_^^„d)(W)A*(Q'6'),('-A4,(cd).5,«d)(W)A*(c'd') * id){UHj) 

Again, 13.171 and 13.191 we obtain the sum over i G / of the value of 

(^A^ia^b")))*^", on: 

A*((wA,,(a&),«, * id){W')a') c.®^ A$((c'd')*K.,A*(c<i) * id){W'*)) 

A density argument finishes the proof. □ 

Proposition 4.17. — If v,w e A^{T^ j,J c D{&{H^),v) n D{{H,i)p,i^°), 
then we have: 

(4) * id) [U'l^JG C G(c^„,„ * zd) (C/^*J 

(5) and K,,„ * id){U'HjG* C G*K,„ * «rf)(f/Hj 

Proof — Let a, c G (7V$ n 7VTi)*(AAt n Wt^) and b, d, a', b', c', d' G T^^Tr- By 
definition of G, we have: 

(^Ar(<.*,(d-)))*^^*(^*(^) A*((a6)*)) e I?(G) 

I/O 

and: 

(wA^(a'&'),A*(c'<i') * id){UHjG{X'^^^^^.^^^^,^^)*UH^{Aq,{c) a® p A$((a6)*)) 

By the previous lemma, this is the sum over z G / of ^^/^-j-,)*^//^ on: 

I/O 

Now, G is a closed operator, so we deduce that the sum over i e / of 
(^Ar(a*,(d")))*f^^^' 01^- 

A*((a>A,(,rf),4, * id){W')c') A*((a'6')*K.,A,(ab) * 
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belongs to 'DiG) and by the previous lemma, we obtain: 

(c^A.(a'6'),A.(c'rf') * *d)(W^'*)G(A^-^"(^,^(,.^^)*[/HjA*(c) A*((a5)*)) 

= G{^^A^{c'd'),A^{a'b') * id)(J7^J(A^-;^"^*^(^.)))*C/if^(A.i,(c) A<i.((a6)*)) 
Now the linear span: 

with a, c e (A/* n Mti^)* {^^^s, D Mtr), b,d e T^^Tj,}, is a core for G that's why 
the first inclusion holds. The second one is the adjoint of the first one. □ 

Corollary 4.18. — For all w, w e Aq,{T^ j,^), we have: 

where D = G*G is defined in \4-.l!il\ 
Proof. — We have: 

In the same way, we can finish the proof: 

(w,,^ * td){U'HjD = * ^d){U'HJG* 

QG*{u^^^*id){U'HjG 
CG*GK^.„^^^^**d)(t/;,J 

□ 



by lemma r^. 201 
by inclusion 10} 
by lemma 15.201 

by definition 14.121 
by inclusion 

by definition 14.121 



4.4. Scaling group. — In this section, we give a sense and we prove the 

following commutation relation C/^^(A* a® [3 D) = (A* f)®^ D)U'^^ so as 

I/O 1/ 

to construct the scaling group r. 

Lemma 4.19. — For all X Cz C and x analytic w.r.t v, we have: 

a{x)D^ C D^a{(j''_^s^{x)) and (3{x)D^ C (3{(j''_^s^{x)) 
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Proof. — For all a, c G (7V$ n 7VTi)*(AAi, n 7Vt„), 6, d e 7*,Tn and x analytic 
w.r.t V, we have bv 13.211 and 13. 22( 

/3(x)G(A^-^"(^,^(,.^^)*[/*(A*(a) A*(M)*)) 

= ,3®a/3(a^))C^*(A*(c) A<,((a6)*)) 

= G(A^';(0(,.(,„,.^(,.)))*C/*(A*(a) A$(H)*)) 
= Ga(cT;:,/2(x*))(A^-^"(^,^(,.)^)*C/*(A*(a) A^((cd)*)) 
Now, the linear span of: 



(AA:!r.* ,,.u)*f^*(A*(a) A$(M)*)) 



where a, c e (A/* n A/ti, ) * ( A/"* n A/tj,), fo, G 7ii«,Tn}, a core for G, so that we 
have: 

Take adjoint to obtain a(x)G* C G*/3(crjy2(^*))- conclude by: 

a(x)D = a(a;)G*G C G*/3«/2(a;*))G C L>a(CT;:^(x)) 
The second part of the lemma can be proved in a very similar way. □ 

We now state two lemmas analogous to relations (01 and ((SJ for ^E* and we 
justify the existence of natural operators: 

Lemma 4.20. — For all XeC, x e 'D{a'i^^) and e Km{Tm^TR), we have: 

P{x)^% Q ^%P{a%^{x)) 

(6) i?''^''°(A4e)A;^ C A^i^'^-'^^O 

and a''_,)^(< A^^, C >/3,.<') =< ^U' >/3,.° 

and: 

a{x)^% C ^%a{a%^{x)) 

(7) i?"^''°(A40A;^ C A4i?"'^°(e) 
and (t'L,x{< A*e, >a,.o) -< S,. A^^' >a,,.° 
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Proof. — It is sufRcient to apply 14.51 to the opposite measured quantum 
groupoid for example. □ 

Lemma 4.21. — We can define, for all A € C, a closed linear operator 
fS^a which naturally acts on elementary tensor products. 

Proof. — The proof is very similar to 14.61 □ 

With relations Q in hand, it's also possible to define a closed linear operator 
on iJ* a«)/3 -ff*. 

Proposition 4.22. — The following relation holds: 

(8) U'hJA^ a<»pD)^{A^ f,®o.D)U'H^ 

Proof. — Bv l4.18l we have, for all u, e A^(7^_Tn) and w', w' G ViJ)): 

= {{uj^^^,^*id)(lJ'n^)Dv'\w') 

= {Uh^XA^v Dv')\w t3®aW') 

By definition, we know that A^(7^^Th) QT>{D) is a core for A^^ D so, 

for all u G X>(A^ ^(8)^ D), we have: 

{U'hJv &(g)0v')\{A^ f)®a D)u) ^ {U'H^{Amv e,®,} Dv')\u) 

Since ^(g)^ D is self-adjoint, we get: 

V 

(A^, i)®aD)U'H^{v &®f!v') ^U'hJA^v &®p Dv') 

Finally, since A^(7^.T/^) © ^(-^) is a core for A^ ^ and by closeness of 

A^ /3©Q D, we deduce that: 

U'h^{A^, &®fj D) C (A* D)U'h^ 

Because of unitarity of C/j^^, we get that (A* a.®0 D)U'j^^C U'j^^A^, D) 
and by taking the adjoint, we get the reverse inclusion: 

(A* D)U'h^ C U'H^iA^ &(E)f3 D) 

□ 
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We know begin the construction of the scaling group r strictly speaking. We 
also prove a theorem which state that A{U'jj) — M and generalize proposition 

i.5of |EVn3| . 

Definition 4.23. — We denote by A/^ the weakly closed linear span of: 
{{uj p-ka id)(V{x)) I a; e A/, w e Af+ s.t 3fc e M+ w o /3 < kv} 

V 

Also, we denote by Ml the weakly closed linear span of: 

{{id /3*Q w)(r(a;)) | xeAf, wGM+ s.t 3fc e M+ woa < kv\ 

V 

Bv l3.19l and l3.49| M^. is equal to the von Neumann subalgebra A(J7^) of M. 
Also, Afi is a von Neumann subalgebra of M. Moreover, we know a(N) C Mji 
and (i{N) C M^,, so that Mi^ ^-k^ M^t makes sense. Also, we have, for all 

me M: 



(9) r{m)eML p^cMr 

N 

Lemma 4.24. — There exists a unique strongly continuous one-parameter 
group T of automorphisms of Mn such that Tt{x) — for all t € 

and X e Mr . 

Proof. — By commutation relation for alH € R and w, w S A,f (T^.Th), we 
get that: 

Consequently, we obtain D~'^* M rD'^* = Mr which is the only point to show. 

□ 

Lemma 4.25. — We have Tt{a{n)) = a{af{n)) for all n e N and i e R. 
Proof. — Straightforward by lemma 14.191 □ 
Lemma 4.26. — It is possible to define a normal *- automorphism af p-ka T-t 

N 

of M 13® a Mr which naturally acts for all t £ R. 

N 

Proof. — By the previous lemma and relations ©, we have, for all n G A'^ and 
t G R: 

n{a{n)) = a{aUn)) and af = (3{<j-_,{n)) 

so that it is possible to define a morphism: 

CT* /3*Q T-t : M pka Mr — > M i3ocr'^^*aoa"_^ Mr 
N N jv 
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Then, it is sufficient to prove that the range is equal to the domain. For all 
^ e D{H0, u°) and y G My, we compute: 

and we get, for all ^ G D{Hp, v°): 

e e D{Hp,,._^,v°) and = i?''''^°(OAr* 

To conclude, we show that scalar products on H QH used to define H ^(g)^ H 
and H 0oa"_^®aoa"_^ H are equal. For all e D{Hi3,v°) and 77,77' € -ff, we 
have: 

V V 

= {a{o%{^:,<iX >p^,o A;**))77|77') 

= p®c. f'h /Jf^a ??') 

1/ V 

□ 

Proposition 4.27. — We have (erf T_t) o F = F o rr* /or a/Z t e M. 

Proof. — By relation the formula makes sense (r is just defined on Mu). 
By relation ©, we can compute for all 771, € M and t E M.: 

1/ 1/ 

= (A^ I?^*){/^j77. ^,®^1)[/^*^A^^* p^cD-^') 

jyO jyO jyO 

= U'^Jafim) l)C/-^= F(af (77Z)) 

□ 

We are now able to prove that we can re-construct M thanks to the funda- 
mental unitary. 
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Theorem 4.28. — If < F >~™ is the weakly closed linear span of F in M, 
then following vector spaces: 

Mr =< {lu p-ka id){T{m)) \ me M,uje M+, A: G R+ s.tujo p <kv 

A{U'h) I V e D{&{H^),fi),we D{{H^)p,fi'') 

Ml (id p-k^ uo){T{'m)) \ me M,uje M+, k eR+ s.tujoa<kv 

A{Uh) =< {id*oj,,^){UH) I V e D{{H^),fi'')^,we DUH^),fi) 
are equal to the whole von Neumann algebra M . 

Proof — We have already noticed that Mr = MU'h) and Ml = A{Uh)- 
Then, we get inspired by jKVOSj . Bv l4.25l we have Tt{a{n)) — a{crf{n)) so: 

Ml =< {id ujoTt){T{m)) \ meM,uje {MR)+,ke M+ s.t ujoa < kv 

By 14.271 we have af {{id f^-k^ uj)V{m)) — {id pi^a ^ o ^t)^ {o'f {tn)) that's why 

erf {Ml ) = Ml for all t e R. On the other hand, bv lTTTl restriction of to 
Ml is semi-finite. By Takesaki's theorem f |Str81| . theorem 10.1), there exists a 
unique normal and faithful conditional expectation E from M to Ml such that 
5'(m) — ^'(£'(m)) for all m e M+. Moreover, if P is the orthogonal projection 
on the closure of A^{Afq, n Ml) then E{m)P = PmP. 

So the range of P contains A^,{{id ^★q, u;)r(a;)) for all cu and x e TVif . By 

1/ 

right version of 13. 3 71 implies that P = 1 so that E is the identity and M — Ml- 
If we apply the previous result to the opposite measured quantum groupoid, 
then we get that M = Mr. □ 

Corollary 4.29. — There exists a unique strongly continuous one-parameter 
group T of automorphisms of M such that, for all t e M., m e M and n e N : 

Tt{m) = D-'*mD'\ Tt{a{n)) = a{c7'^ {n)) and Tf (/3(n)) = P{<7t{n)) 

Proof. — Straightforward from the previous theorem and 14.241 First property 
comes from 14.251 and the second one from 14.151 □ 

Definition 4.30. — The one-parameter group t is called scaling group. 

Lemma 4.31. — It is possible to define normal *- automorphisms Tt p-ka Tt 

N 

and Tt p-ka af of M fj®a M for all t G M. 

N N 

Proof. — The proof is very similar to 14.261 □ 
Proposition 4.32. — We have ToTt^ {n p-ka n) ° r for all t eR. 

N 
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Proof. — By 14.271 and co-product relation, we have for all < G M: 
{id p-ka r)(o-f p-ka r_t) o r = {id pk^, T)T o erf 

= (r /3*a id)v o erf = (r o o-f T_t)r 
= (o-f /3*Q /3*QT_4)(r i(i)r 
= (o-f [(T-t /3*Q o r]) o r 

Consequently, for all m € Af , a; G AfJ", G M"^ such that o < fci/, we have: 

r O r_t O ((CJ O erf) /3*a ^C;)r = (u; ;3*a ^:A:a id){af p-ka (F O T_i)) O T 

= (w /3*„ irf ■id){af p-ka [{T-t 0*a T^t) ° r]) 

y y y y 

= [{T~t /3*Q T_4) O r] O ((tJ O O-f ) p-kaid)T 

V V 

The theorem 14 . 281 allows us to conclude. □ 

Proposition 4.33. — For all x e M n a{Ny , we have r{x) = 1 /3(g)Q x ^ 

N 

X e f3{N). Also, for all x G M n f3{Ny , we have T{x) = x p(g>a I -i^ x e a{N). 



N 



Proof — Let X e M n a(iV)' such that r(a;) = 1 piSia x. For all n e N, we 

AT 

define in the strong topology: 



/ exp{—n'^t'^)af{x) dt analytic w.r.t cr*, 
/tt J 



and: 



yn = ^= / exp{—n'^t^)T^t{x) dt belongs to a{N)' . 

yJT^ J 

Bv lOTl we have r(a;„) = 1 p®a Vn- Ude (7W*n7WT„)+, then, for aU n e N, 

A 

we have dxn G A^* n Mtr- Let w e Af + and fc £ M+ such that w o a < fcj^. 
By right invariance, we get: 

U> O Tji{dXn) = /3*a id){r{dXn))) 

y 

= u;)(r(dx„))) = (y„c^))(r(d))) 

y y 

= ^★^ id){r{d))yn) = cj(ri^(d)y„) 

Take the hmit over n G N to obtain Tji{dx) = Tji{d)x for all d € n A^Th 
and, by semi-finitcness of Tn, we conclude that x belongs to (3{N). Reverse 
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inclusion comes from axioms. If we apply this result to the opposite measured 
quantum groupoid, then we get the second point. □ 

4.5. The antipode and its polar decomposition. — We now approach 
definition of the antipode. 

Lemma 4.34. — We have * id)iU'jjjD^ C D^i^A^'^vA^w * '^d,){U'jjJ 

for all X Cz C and v,w ^ Kq,{Tq,^Tfi)- 

Proof. — Straightforward from relation ((Sj). □ 

Proposition 4.35. — /// is the unitary part of the polar decomposition of 
G, then, for all v,w E D{{Hqj)f3,i/°), we have: 

I{ujj^w,v * id){UHjI = {ujj^v,w * id){U'H^) 

Proof - We have K,^ * id)(U'H^)D^'^ C D^/\lo idW^J for 

all v,w Aif (T^.T^) by the previous lemma. On the other hand, by inclusion 
(O, we have: 

* id){U'H^)D^'^ = {uJ.^^*id){U'HjG*I C D^/^I{lo^^, * ^d)iU'HjI 
So /(wtu,„ * id){U'„JI = (^A;ji/"t,,Aj-/"tu * ^d){U'ffJ and, bv l3.20l we have: 

□ 

Corollary 4.36. — There exists a * -anti- automorphism R of M defined by 
R{m) = Im*I such that = id. (We recall that I denotes the unitary part of 
the polar decomposition of G). 

Proof. — Straightforward from the previous proposition and theorem l4.28l □ 

Definition 4.37. — The unique *-anti-automorphism i? of M such that 
R{m) = Im*I, where / denotes the unitary part of the polar decomposition of 
G, is called unitary antipode. 

Definition 4.38. — The apphcation S -Rt_j/2 is called antipode. 

The next proposition states elementary properties of the antipode. Straight- 
forward proofs are omitted. 

Proposition 4.39. — The antipode S satisfies: 

i) for all t G M, we have Tt o R = Ro Tt and Tt o S = S o Tt 
a) SR = RS and S'^ = r^i 
Hi) S is densely defined and has dense range 
iv) S is infective and = i?Tj/2 — Ti/2R 
v) for all X e V{S), S{x*) G V{S) and S{S{x)*)* = x 
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4.6. Characterization of the antipode. — In l4.38l we define the antipode 
by giving its polar decomposition. However, we have to verify that S is what 
it should be. 

4-. 6.1. Usual characterization of the antipode. — 

Proposition 4.40. — For all v,w e A^{Tq,^TR), {(^w.v * id){U'fj ) belongs to 
Vi^S) and we have: 

5(K„,. * id){U'Hj) = * id){U'^^) 

Moreover, the linear span of {uJy_w * id){U'fj^), where v,w Cz Aip(7iif^T^), is a 
core for S. 

Proof — Bv Ol we have (w^,^ ★ id)(C/^_j_) G V{t_,/2) = ^'('5') and: 

= ii^S<i,v.A^S<s,w * id)(U'H^) by proposition 1133 

= {'-^lu.v * 'i'd.){U'j^J by lemma 15.201 

The involved subspace of M is included in 'D{t_.i/2) bv 14.341 weakly dense 
in AI by theorem 14. 281 and r- invariant bv l4.24l which finishes the proof. □ 

Corollary 4.41. — For a,b,c,d e T^/,Tr, (^A*(a),A*((,) /3*a id){T{cd)) be- 
longs to 'D{S) and we have: 

S{{uJA^{a),A^{b) p-*^a id)(V(cd))) = (t^A* (c) .A,, (<t*, (d* )) /3*a id){T{a^ {a)b*)) 
Proof. — Bv l3.19l we know that: 

(wA*(a),A*(f,) id){T{cd)) = (^A* (cd) ,A* (ba*. (a* )) * id){U'Hj 

V 

which belongs to V{S). Then, by EH and ESDI we have: 

S{[^K^{a),K^{h) /3*a id)[V[cd))) = 5'( (w^^ (f,^*^ )) * id)[W')) 

V 

= ('^A4,(cd).A^,(6<T*,(a*)) *«rf)(VK'*) 

= ('^A*(c),A*(<T*,(d-)) (i^c id)ir{af {a)b*)) 

□ 
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4-6.2. The co-involution R. — In this section, we give a new expression of R 
and we show that it is a co-involution of the measured quantum groupoid. 

Proposition 4.42. — For all a,b e A/* n Ntr, we have: 

R{{^J^A^{a) I3*a id){r{b*b))) = {ujj^A.i,{b) /3*a id) (r(a*a)) 

Proof. — The proposition comes from the foUowing computation: 

^d){T{b*b))) 

V 

^d)iU'Hj by corollary EH 

= (wA*(Q*Q)„/4,A4,(b-b) * id){U'H^) by definition of i?, 

= (^j*A*(&).j>i,A>i,(b) jd)(r(a*a)) by corollary Em 

□ 

Remark 4.43. — We notice that R is TL-independent. 

Proposition 4.44. — We have Ia{n*) ~ f5{n)I for all n e N and Roa = (3. 
Proof. — Bv l4.19l we have, for all x E T^i Tr- 

(3{x)GD-^^^ C Ga{a_i/2{{x*)) C GD-^/^a{x*) C Ia{x*) 

and, on the other hand, l3{x)GD^'^/'^ C I3{x)l so that Ia{x*) = I3{x)l. The 
result holds by normality of a and (3. □ 

By |Sau83b| . there exists a unitary and anti- linear operator / p®a I from 
H f)®oM onto H a^pH , the adjoint of which is / q,®^ /. Also, there exists an 
anti-isomorphism R p-ka R from M p-ka M onto M a*i3 M and, by definition 

N N N" 

of R, we have, for all X S M p-k^ M: 

N 

{R p*^R){X)^{I p®^I)X*{I ^®pl) 

We underline the fact that, if cj e M+, then uj o R £ A/+ and, if there exists 
k e R+ such that lu o a < kv, then oj o Ro (3 < kv. Also, if S M+ and 
k' E R+ are such that o (3 < k'l/, then 9 o R o a < kv. Then, we have 

UjR p-ka OR — (w a*l3 &) ° {R p*a R) ■ 

Lemma 4.45. — For all a,x e Ntr n TV*, uj e M+ and fc e M+ such that 
UJ o a < kv, we have: 

ijj o i?((wj^A^(a) p*a id){T{x))) = (A*((id p-ka uj){T{a*a)))\J-i,A-q,{x)) 
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Proof. — Let b G 7Vt„ n TV* . By 14.421 we can compute: 

u o i?((wj^,A^,(Q) /3-ka id){r(b*b))) = w((wj5,A^(6) p*a id) {T {a* a))) 

= {{id fi-^a t^)(r(a*a))J*A*(6)| J*A3,(&)) 
= (J^6J^A^((z(i /^^Atq a;)(r(a*a)))| J^A^(6)) 
= (A*((zd ^*„a;)(r(a*a)))|J*A*(6*6)) 

Linearity and normality of the expressions imply the lemma. □ 
Proposition 4.46. — We have <;no o {R p-k^ R) oT = T o R. 

N 

Proof. — Let a, 6 G Mt^ HTV*, w, 6* G A/+ and k, k' e M+ such that ujoa < kv 
and 6 o f3 < k'v. Then, we can compute bv 14.421 and the previous lemma: 

{e 0*aC^)(roi?((a;,,^A.(a) p^c.id){T{b*b)))) 
= {9 /3*Q w)(r((wj^A^(fc) p-kaid){T{a*a)))) 

= {^.J^A^ib) I3*a p-ka Uj){id f}-ka r)(r(a*o)) 

V V N 

= (^.74,Ag,(fc) /3*Q li-^a w)(r id){T{a*a)) 

V V N 

= (^J*A*(fc) /3*a 6')[r((id uj){r{a*a)))] 

= {A^{{id f3-ka0oR){T{b*b)))\J^A^{{id p*a i^){T{a*a)))) 

Observe the symmetry of the last expression and use it to proceed towards the 
computation: 

(A*((id /5*„c^)(r(a*a)))|J*A*((zd B o R){V{b*b)))) 

= K.A,(a) /3*a^oi?)[r((zd p^ ^ 9 O R){V {b* b)))\ 

= {^.UK^{a) f3*a uj o R p-k^ 9 o R){V p-k^ id){T{b*b)) 

V V N 

= (^J*A*(a) 0*a(^°R 0*a9oR){id p-k^ T){T {b* b)) 

V V N 

= {u;oR p^^ 9 o i?)(r((c^j,A,(,) p*^ id){r{b*b)))) 

= {UJ ^^p 9){R p*^ i?)(r((c^,;,,A,(a) /3*c. id)iTib*b)))) 
u° N V 

^{9 p-ka Uj)c.No{R /3*a i?)(r((wj^A*(a) p^a id){r{b*b)))) 
V N V 

Theorem 14 . 281 easily implies the result. □ 
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4-6.3. Left strong invariance w.r.t the antipode. — In this section, T' denotes 
a left invariant n.s.f weight from M to a{N) . We put $' = z/ o o T', J$' the 
anti-hnear operator and A$' the modular operator which come from Tomita's 
theory of cr* its modular group and V — {Ut')h^ i-e the fundamental 
unitary associated with T' . The next proposition is the left strong invariance 
w.r.t S. 

Proposition 4.47. — Elements (id* belong to the domain of S for 

all v,w e A$/ (T^/.T/) and we have S({id * LOy yj){V)) — {id * ujjj^^){V*). 

Proof — By IXT^ we have {id * lu){V) = {cu o R * id){U'H^) for aU uj. If 
uj{x) = ix}{x*), then, bv 14.401 we have: 

S{{id * u;){V)) = S{{cu o R * id){U'Hj) ^{ujoR* *d)(C/^*J 

= [(Uoi?*zd)(C/^J]* 

= [{id*uj){V)]* = {id*uj){V*) 

□ 

Lemma 4.48. — For all v £ V{D^^^) and w G V{D^^^), we have: 
(wi,,^ * id){V)* = (t^/D-i/2„j£,i/2„, * id){V) 

Proof — We have {id * uj^' ^v'){V) £ 'D{S) = I?(T_i/2) for all v',w' belonging 
to A$/(7cf'_T/) bv 14.471 and, since r is implemented by -D~^, we have: 

{id * CJ^,y){V)D^/^ C I?l/V_,/2((id * CJ^'y){V)) 
= D'/^R{S{{td*LO^,y){V))) 
= D^/^md*u;,,,y){V*)]*I 
= D^/^I{id*ujy,,^>){V)I. 
Then, for all v e V{D^/'^) and w £ V{D^/'^), we have: 

(Ki3-i/2„,7Di/2» * id){V)w'\v') = {{id * u^,y ){V)D^'^Iv\D-^'^Iw) 

= {D^/^I{id*ujy>,n,'){V)v\D-'^/^Iw) 
= {w\{id * ujyi^w^)v) 

= {{uj,,y,^ld){V)*w',v') 

Then, the proposition holds. □ 
Proposition 4.49. — The following relations are satisfied: 
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i) {I J$OV^ = V*{I p®c. U); 

N- N 

ii) {D^^ c,®,l^^,)V = V{D~^ ;3<^aA$0; 
in) {jt p-ka ) ° r = r o (T* for all t E R . 

N 

where e(n) — J^ia{n*)J,^i for all n £ N. 

Proof. — We denote by S,;,' the operator of Tomita's theory associated with <&' 
and defined as the closed operator on such that A$' (A/*' n A/J, ) is a core 
for Sq,' and Sq,'Aq,r{x) — A$/(a;*) for all x G J\f^' r]J\f^,. Then, by definition, we 

1/2 

have A<j,/ — S^,S<i,' and 5$' — J<j.'A^, . Moreover, for all m G M and i e M, 
we have af'{m) = A*^*,mAj,**. 

First of all, we verify these relations make sense. We have to prove some 
commutation relations H4. 61 14. 211 and Sau86 ). We can write for all n G 7^, and 
y e TV*' n7V|,: 

S'$'a(n)A$/(y) — 5$' A$' (a(n)y) 
= A<i./(j/*a(n*)) = d(cr:^,/2("-))'S'<i>'A<i>'(y) 
so ci(cr^^y2('^))'5'*' ^ Sq'a{n) and by adjoint a(n)S'|>/ C S^,a{a'j^^^{n). Then: 
a{n)Aq,i — a{n)S^, Sq,' C 5|,/ci(cr^/2('^)'5''i>' ^ A$'a(cr^(ri)) 

Since (3{n)D^^ C (3{<t'^ (n)), the second relation makes sense. On an other 
hand, we know that ip{n) = a{n*)I and J^a{n) = e{n*)J^i to terms of the 
first relation. Finally, for all t G K, we have: 

Tto(3^(3oa'( and af {a{n)) = A^,a(n)A-J* = 

which finishes verifications. 

Let VjW (^T^^^j^ ). By 13.61 we know that {coy^uj p~^a id){r{y)) belongs to 

Mt' nW*' nWf n7V|, for all y e Ut' nW*/ nWf nWl,!" By EH we can write 
(w„,„*«d)(F*)A$'(y) = A$/(([j„,„, /3*Q id){T{y))) so that (a;t,,„,*i(i)(V^*)A$'(y) 

belongs to Then, we compute: 

^^'(wt,,^, * id)(F*)A$/(y) = 5$/A$/(([j„^^ p-ka ■id){T{y))) 

= A<i,/((a;^,t, /3*Q «rf)(r(y*))) 

= {Lu^^^*id){V*)A^,{y*) 
= {uj^^i, * id){V*)S^'Aq,,{y) 
Since A<i./(7Vt' nW*/ nW^, n7V|,) is a core for 5$', this implies: 

(10) (w„,„ * C S^.C^^,^ * ^d){V*) 
Take adjoint so as to get: 

(11) {i^^,v * id)iV)SI>, C 5;,(cj„,^ * id)iV) 
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Then, we deduce by the previous lemma: 

C Sl,{ujy^n, * id){V)S^' 

= 5'|,,[(wjj5-i/2,„j£,i/2^ * id){V)]*S^' 

Then by inclusion 11U|I and the previous lemma, we have: 

{ujy^w * id)(y)A^' C S'|,,5$'[(wj£,i/2„j£,-i/2,„ * id){V)]* 

= A$'(a;£,i/2/j£,i/2„ £,-i/2//£,-i/2^ * id){V) 
= A<i,'(tj£,^,^jv-i^ * id){V) 
Consequently, like relation JHJ), we easily deduce that: 

Let's prove the first relation. By inclusion (jlUf) . for all u G 'D{N^^/^) and 
u; e X'(L)^/^), we have: 

J$'(a;^^^ * i(i)(V^*) J$' A;^'!^ = J<s>'iuJw,v * id)(y*)S^> 
(12) C J^,S^'{ujy,n,*id)iV*) 

= Ali\ujy^^*td){V*) 

For all p, g G V^A^,^), we have by ii): 

1/2 

= ((wr,-i/2«,_Di/2t„ * id){V*)A^, p\q). 

Since A^'I^ is self-adjoint, we get: 

(c^p-i/2„,^i/2„ * id){V*)A]i:' C A^/'(u;„,^ * 
Also, by the previous lemma, we have: 

(w£)-i/2^,_Di/2^ * id){V*) = (w£,i/2^^£,-i/2„ * 
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That's why * id) (y)A^', C A^', * id)(V*). Since A^', has dense 

range, this last inclusion and p2|l imply that: 

Then, we can compute: 

V V V 

= {{^^iwjv *id){V)J^'q\J^'p) = {J^'{ujy,^y * id){V*)q\J^'p) 
^ {{ujy^^u*id){V)p\q) ^ {V{v ^(^a q)\w a<»e q) 

so that the first relation is proved. We end the proof by the last equality. We 
know that T is implemented by V , cr* by A$' and r by _D so that the relation 
comes from (D^i a®^ ^-s^' W ^V{D-^ r®^ Acf,/) like OTI □ 

If we take T' — Tl then V — W* , J$' = J$ and A$/ — A$ so that we have 
the following propositions: 

Proposition 4.50. — For all v,w e A$(7i^s^), {id * uJv,w){W) belongs to 
'D{S) and: 

S{{id*u,^^){W)) = {id*uj,^^){W*) 

Proposition 4.51. — We have {ujv,w*id){W*)* = {ujjjj-i/2^jjyi/2^*id){W*) 
for all V e V{D^/^) and w G V{D^/^). 

Proposition 4.52. — The following relations are satisfied: 

i) (I »®5 J*)VK* = Wil /3®a J*) ; 

NO N 

n) (D-i 13®^ A^)W* = W*{D-^ p®^ A$) ; 
(''■* /3*a ff) o F = r o erf for all t e M. 

AT 

We summarize the results of this section in the two following theorems: 

Theorem 4.53. — Let {N ,M,a,i3,V ,v,Tl,Tr) be a measured quantum 
groupoid and W the pseudo-multiplicative unitary associated with. Then the 
closed linear span of {id*uJv^w)iW) for all v G D{aHq,, v) and w G D{{Hq,)^, u") 
is equal to the whole von Neumann algebra M. 

Theorem 4.54. — Let (A'^, M, a,/3, r,i/, Ti,TR) be a measured quantum 
groupoid and W the pseudo-multiplicative associated with. If we put 
$ = o a^^ o Tl, then there exists an unbounded antipode S which sat- 
isfies: 

i) for all X e V{S), S{x)* E V{S) and S{S{x)*)* = x 
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ii) for all VjW G A^{T^^Sl)! {i^* <^v,w){W) belongs to ^{S) and: 

S{iid*ojy,^){W)) = {id*ujy,^)iW*) 

S has the following polar decomposition S = RTi/2, where R is a co-involution 
of M satisfying Ft? = id, Roa = ^ and c;i^oo[R i?) o F = F o ii, and where 

N 

T, the so-called scaling group, is a one-parameter group of automorphisms such 
that Tt o a = a o , Tt o p = (3 o satisfying T o Tt = (rf (j-ka ) o T for all 

N 

t G M. S,R and t are independent ofT^ and ofTn. 

Moreover, RoTloR is a n.s.f operator-valued weight which is right invariant 
and a-adapted w.r.t u. 



5. Uniqueness, modulus and scaling operator 

In this section, the quasi- invariant weight v is fixed. We estabUsh uniqueness 
of invariant opcrator-vahicd weight which is adapted w.r.t v \vp to a strictly 
positive element affiliated with the center of the basis. We construct a modulus 
and a scaling operator which link the left invariant operator-valued weight Tj, 
and the right invariant opcrator-vahicd weight R o Tl o R. Their properties 
imply that the fundamental pseudo-multiplicative unitary satisfies a condition 
similar to Woronowicz's manageability. Also, we study conditions so that a 
n.s.f weight v' on A'' is quasi-invariant. 

5.1. Commutation relations. — In this section, we denote by T' an other 
n.s.f operator-valued weight from M to a{N) which is left invariant and (3- 
adapted w.r.t v. We put $' = i/ o o T'. 

Lemma 5.1. — // we put Kt = af' o r_t for all t e M, then ^ is n-invariant. 
Also, if we put K( = cr* o Tt for all t € R, then $ is k' -invariant. 

Proof — We know Kt o a = a for alH e M and we have: 
T o Kt = T o af OT-t = {n i3*a erf )T o T_t 

N 

= {nr-t /3*a erf r-t)T = {id p-ka Kt)T 

N N 

By right invariance of Tr, we deduce, for all a G A^Tr- 



Tr o Kt{a) = (* f3-ka id)r{Kt{a)) = Kt((* fi-ka id)r{a)) = o ?fl(a) 



MEASURED QUANTUM GROUPOIDS 



59 



Since T' is /3-adapted w.r.t v, we get for all a G Mtb ^ i € K: 

o Kt(a) = o f3^^ o Tj^ o Kj(a) = o /J"-'^ o Kt o Tfi{a) 

= u o o af o T^t ° Tff {a) 
= u o a'^f. o [3^^ o T-t o TrIg) 
= u o o"_2i o TR(a) = V o 13~^ o Tji{a) = 'l'(a) 

The proof of the second part is very similar. □ 

Proposition 5.2. — cr* andr (resp. ct* andr) commute each other. 

Proof. — Since ^E" is K-invariant, we know that cr* o cr* o r_t = cr* o T_t o cr*, 
for all s.t G R so that: 

(id fj-ka Kt)T — T o Kt —To cr*g o Kt o cr* = (cr*^ ^t^q Ts) o T o nt o af 
N N 

= TsOKt)oroaf = {id Ts o Kt o t^^) o r 

AT A 

So, for all a € M, uj € Af + and k G R+ such that lo o (3 < kv, we get: 
CTt* o T-t((t^ /3*Q id)r(a)) = Ts o erf o r_t o t_s((w p-^a id)T{a)) 

V V 

and by theorem 14.281 we easily obtain commutation between cr* and t. A 
similar reasoning from k' implies the second part. □ 

Corollary 5.3. — cr* and cr* commute each other. 

Proof. — By the previous proposition, we compute, for all s, i G M: 



Tocr^ oo-j = (Ts /3*q cr^ ) ° T o cr^ = (TsCTj /3*q cr^ T-tjoT 
A A 

= (erf Ts T-tCrf ) o r 

A 

= (^t /3*a T-t) O r O cr, = r O at O CT, 
A 

Since F is injective, we have done. □ 

5.2. First result about uniqueness of invariant operator-valued 
weight. — In this section, we choose to work with left invariant operator- 
valued weights, but it is clear that we have similar results for right invariant 
operator-valued weights. Let T\ and Ti be two n.s.f left invariant operator- 
valued weights from M to a(N^ such that Ti < For all i G {1, 2}, we put 
$i = o oT^ o Ti and (iiin) — J^-a{n*)J^. . 
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We define, as we have done for Uh, an isometry {U2)h by the following 
formula: 

{U2)h{v afXi^^ A$2(a)) = i3®a ^-<^•2{{^v,i, 13-ka id)iTia))) 

for all V G D{Hf^, ly") and a G Af<s>2 nArb- Then, we know that {U2)h is unitary 
and r(m) = (C/2)_ff(l a®p^ ™)(C^2)lf for aU m G M. 

N° 

Since Ti < T2 , there exists F £ C{H^^ , H^^ ) such that, for all x £ HA/ts j 
we have FA^p^ix) = A^-^{x). It is easy to verify that, for all n £ N, we have 
FP2{n) = Pi{n)F. If we put P = F*i^,then P belongs to M' n /32(A^)' and 
J^^PJ^^ belongs to M n a(iV)'. 

Lemma 5.4. — We have T{Jq,^PJ^2) = 1 /9®q J$2-P'^*2- 

Froo/. — We have, for all v,w £ D{Hp, v°) and a,b £ 7V$2 n A/ts : 

((1 /3(g)Q P){U2)h{v A*. (6))) 

where {Ui)h is defined in the same way as {U2)h- The two expressions are 
continuous in v and w, so by density of D{Hp, v°) in H , we get, for all v,w £ H 
and a, 6 g A/^j n A/ra : 

((1 0®>a P){U2)h{v a®>0.^ Aq,2{a))\{U2)H{w a® A^M)) 

A*, (6))) 

= (w Q(g)^^ A$i(a)|w a®0^ A,],^{b)) 

-((1 a<»3, -P)(w A$,(a))|u; „®^^A$,(6)) 

SO that {U2)*fj{l i3®a P){U2)h = 1 a®n P- In particular, if iJ = then 
byHHweget ([/2)h(1 J<e,2PJ<i,J(C/2)h = 1 J.s.2PJ'S'2- Finally, 

ATo A 

since Jiji^PJ^^ £ M, we have r(J$2^'^$2) = 1 0®a J$2^>^*2- ^ 

N 

Proposition 5.5. — If Ti and T2 are n.s.f left invariant weights from M 
to a{N) such that Ti < T2, then there exists an infective p £ N such that 
< p < 1 and, for all x,y £ A/'^a H A/ra, we have {A^^{x)\A^^{y)) — 
( J<i.2 /3(p) J<i>2 A<E>2 (a:) I A$2 (y) ) . 

Proof. — Straightforward from the previous lemma and 14.331 □ 
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Proposition 5.6. — Let Ti and T2 be n.s.f left invariant weights from M to 
a{N) such that Ti < T2. If Ti and T2 are ^-adapted w.r.t v, then there exists 
an injective p £ Z{N) such that < p < 1 and $1 = (*&2);3(p) in the sense of 
|Str81| . (We recall that <^^ = voa-^ o T, for i ^ 1,2). 

Proof. — Since Ti and T2 are /3-adapted w.r.t a^^ and a^'^ are equal on 
f3{N). For all x,y £ A/^j n A/Va and n £ %, we compute: 

= {A^A^a^\^2il^{n))\A^M) 
^^^{y*xa^\^,{(3{n))) 

Then K.M.S conditions, applied for the n.s.f $1 on M, imply that the last 
expression is equal to: 

<^^{af;^{f3{n))y*x) = {A.j,,{x)\A.j,,{ya^\^^{f3{n*)))) 

= {PA^,{x)\A^iycj%^{(i{n*)))) 

= {J^^/3{n)J^^PA^^{x)\A^^{y)) 

That's why P £ {J<i,^j3{N)J^^)' and, consequently, by the previous proposition 
and injectivity of we get p £ Z{N). We know that < P < 1 and P 
is injectif with dense range, so the same is for p. Finally, by the previous 
proposition and |Str81j (proposition 3.13), we get that (3{p) coincides with the 
analytic continuation in —i of the cocycle [-D^i : -D$2]. Then, we have: 

: D^2]t = Pipf 

for all t S M. Since p £ Z{N) and T2 is /3-adapted w.r.t we have (3{p) belongs 
to the centralizer of $2 and <i>i = {'^2)f3(p)- □ 

Lemma 5.7. — Let T and T' be n.s.f operator-valued weights which are (3- 
adapted w.r.t v. IfT + T' is semi-finite, then T -{-T' is (3-adapted w.r.t v. 

Proof. — Since T and T' are /3-adapted w.r.t v, by 14.41 there exists n.s.f 
operator- valued weights S from M to /3(/V) such that: 

V o oT ~ V o f3~'^ o S and i' o oT' = v o f3~^ o S' 

Consequently voa^^o (T + T') = (j^^o (S'H-S"). This weight is semi-finite, 
since T + T' is. Then S* + S" is also semi-finite. We deduce, for all n G and 
t £ R: 

□ 

We recall a technical lemma of |Kus97| : 
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Lemma 5.8. — If(f> andrj are n.s.f weights on M and if there exists a strictly 
positive operator A which is affiliated with (M'^)+ satisfying: 

||A,,(af(:r))|| = ||AU,(x)|| 
for all X e and t G M, then A/",, H is a core for both A,j and . 

Proof — We can define unitary Tt such that Tth-n{a) = A~*/^A^(crf (a)) for all 
t € R. Moreover, there exists a strictly positive operator T such that T** = Tt 
for all t e M. The end of the proof is similar to jKV99| (proposition 1.14). □ 

Proposition 5.9. — Let Ti be a n.s.f left invariant operator-valued weight, 
which is (3-adapted w.r.t v, such that there exists a strictly positive operator 
A which is affiliated to (Af*)+ satisfying \\Ki{(jf{x))\\ = ||A2Ai(a:)|| for all 
X € A/$i and t e R. Then, there exists a strictly positive operator q which is 
affiliated to the center of N such that <i>i = (<i>)^(g). 

Proof — We put T2 = Tl + Ti. Since ||Ai(cr*(x))|| = \\XiAi{x)\\ for all 
X e A/^i and t g R, the left invariant operator-valued weight T2 is n.s.f. So, 
byO T2 is /3-adapted w.r.t ly. Finally, since Ti < T2 and Tl < T2, by ESI 
there exists an injective p £ N between and 1 such that $1 = ($2)/3(p) and 
$ = («f>2)/3(i-p). By |Str81j . we have: 

[D^i : D'i>2]t = Pipf and : D$2]t = /3(1 -p)'* 
Then, we have, for alH e R: 

[D<I>i : D<^>]t = : D^2]t[D<^2 ■ D<^> 

that's why q — is the suitable element. 

5.3. Modulus and scaling operator. — From now, we study the following 
measured quantum group {N, M, a, (3, V ^v,Tlt R o Tl o R) so that we look at 
$ = 1/ o Qf-i o Tl and $ o i?. Then, we recah af°'^ ^Roa'^^oR for all t e R. 

Bv l5.3l we know that modular groups associated with $ and $0 i? commute 
each other and, by VaeOla (proposition 2.5), there exist a strictly positive 
operator 5 affiliated with M and a strictly positive operator A affiliated to the 
center of M such that, for aU t e R, we have o R : D^t = A^'*'(5**. 
Modular groups of $ and $ o i? are linked by af°^{m) — 6'^*af {m)6~'^* for all 
teR and m e M. 

Definition 5.10. — We call scaling operator the strictly positive operator 
A affiliated to Z{M) and modulus the strictly positive operator S affiliated to 
M such that, for all t e R, wc have: 

[D^oR: D<S>]t A5**'5** 



□ 
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In this section, we establish properties of scaHng operator and modulus e.g 
compatibility of these objects with the Hopf bimodule structure. 

Proposition 5.11. — The scaling operator does not depend on the quasi- 
invariant weight but just on the modular group associated with. If S is the class 
of S for the equivalent relation Si ~ S2 if, and only if there exists a strictly 
positive operator h affiliated to Z{N) such that 62 = /3(/i**)(5f a(/i~**), then 6 
does not depend on the quasi- invariant weight but just on the modular group 
associated with. 

Proof. — If v' is a n.s.f weight on N such that a'^ = cr'^, then there exists 
a strictly positive h affiliated to Z{N) such that — Vh. We just have to 
compute: 

[Dv' oa^^ oTloR: Dv' o a^^ o Tl]* 
= [Dvh oa-^ oTlo R: D<^o R]t[D<^ o R : D<i>]t[D^ : Diy,, o a^^ o Tt]^ 

□ 

Lemma 5.12. — For all s,teR, we have [D<i> o af°'^ : = A*'**. 

Proof. — The computation of the cocycle is straightforward: 

[D<^oaf°'^ : D'^>]t = o erf : o R o af°%[D'i> o R : D^]t 
= a'^°/{[D^ : £>$ o R]t)[D<l> o R : 

^ (5-*"A"^A'^*(5~**(5^"A'#-(5^* = A*'** 

□ 

Proposition 5.13. — We have R{X) = A. R{S) = 5^^ and Tt{S) = 6, ^(A) = 
A for all t e M. 

Proof. — Relations between R, X and 6 come from uniqueness of Radon- 
Nikodym cocycle decomposition. By 15.11 we have ■!> o r_s = $ o af°^ for 
all s, t € M, so: 

r^([L>$oi? : D^]t) = [D<S>oRot^, ; D^oT^,]t = [D<S> o af°^ o R : D^oaf°% 
Consequently, by the previous lemma, we get: 
T^i[D<i>oR: D^]t) 

= o af°" o i? : £)$ o o i? : D<i>]t[D^ : o af°% 

= o af°^ : o R : D<i>]t[D'!> o af°^ : 

= i?(A^"*)A-^,5**A-^"* = A"^(5" 
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□ 



Corollary 5.14. — The modulus S is affiliated with M n Q;(iV)' n f3{N)' . 
Proof. — Since ^ — v o (3^^ o Sl, we have: 

X'^S'* = [D<PoR: D<P]t [DR oTloR: DSL]t 

which belongs to M n I3{N)' . Since A is affihated with Z{M), we get that 5 is 
afhhated with M D f3{Ny . FinaUy, since R{S) = 6, we obtain that 6 is afBhated 
with Mna(iV)'n/3(iV)'. □ 

Lemma 5.15. — For all t G M, r_4 oT^ o Tt is a n.s.f left invariant operator- 
valued weight from M to a{N). Moreover, r_4 o Tl o Tt is (3-adapted for v. 

Proof. — For aU < G M, we have v o a^^ o T_t oTl o Tt = <i> o rt. Then: 
{id p-ka V o oT^ o r_f oTj^ o Tt) oV — {id p-k^ $ o Tf ) o F 

V V 

= T^t O {id p*a $) O F O Tt = T_t O Tl O Tj 

V 

On the other hand, for aU s, t G M and n ^ N, we have: 
af-*(/3(n)) = r_, o af o r,(/3(n)) = r_, o af {P{a^_,{n))) 

□ 



Proposition 5.16. — There exists a strictly positive operator q affiliated with 
Z{N) such that the scaling operator A — a{q) — (3{q). In particular, A is 
affiliated with Z{M) n a{N) n /3(iV). 

Proof. — By the previous lemma, Ts oTl o is left invariant and /3-adapted 
w.r.t i^. Moreover, since cr* and r commute, $ o t_s is (7*-invariant. That's 
why, we are in 15.91 conditions so that we get a strictly positive operator q^ 
affiliated with Z{N) such that o : D^]t = P{qsY*' ■ On the other hand, 
byEm we have [D^oaf°'^ : D<^]t = X'"*. ByO we have $or_5 = <^oaf°^, 
so we obtain that A*** = I3{qsy* for all s, i G K. We easily deduce that there 
exists a strictly positive operator q affiliated with Z{N) such that A — P{q). 
Finally, since R{X) = A, we also have A = □ 

Lemma 5.17. — We have, for all a,b e A/$ n AFtl t G I^- 
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Proof. — T is implemented by P that's why the first relation holds. By 
jVae01a| (proposition 2.4), we know that A$oi?. — J$(5J$<5A$ so that we can 
compute: 

{af°^ix)J^A^ib)\J^A^ib)) 

= (a;r'*J<E,A<E.(a*j(6))|(5-^*J<E,A<E.(a*j(6))) 

= (a;J$A<E,(A^a*t(fe)^")|^<E.A<E.(A3a*t(&)<5'*)) 

= ixJ^A^{\h~''a%ib)S'*)\J^A^{xh~'*a%{b)S'*)) 

= (a:J*A$(A^a*°^(6))|J$A$(A^(T*?«(6))) 

□ 

Proposition 5.18. — We have r o = (erf /3*„ cr£°^) o r for all t e R. 

Proof. — For all a, 6 e A/* n A/ti, and t e K, we compute: 

{id /3*Q wj5A4,(b))[(CT*i /3*a crf°"^) o r o Tt(a*a)] 

= I3^a Wj^A4,(6) o crf°'")(ro Tf(a*a))] 

By the previous lemma, this last expression is equal to: 

a!j(zd ^j,A,(,f ..o.(,)))(r ° rt(a*a))] 

= a% o i?[(zd c.^,A.K(a)))(r(AV*?«(6*6)))] 

= i?oaf°«[(^d .^.-,,,,(,|,^(„„)(ro.-«(6*6))] 

Again, by the previous lemma, this last expression is equal to: 
R o fif °^[(zd c^j,A,(,) o r_t(r o a*f (5*6))] 

^ R[{id /3*a cjj^A4.(a))(r(6*6))] = (id /3*Q wj^A4,(fc))(r(a*a)) 
So, we conclude that (crfj /3*„ af °-") o T o Tt = T for aU t e M. □ 

Since 5 is affiliated with M n q;(A^)' n (3{N)\ we can define an operator 
(5" /3«)a (5** which belongs to {MC^(3{N)') p®^ {Mna{Ny) C M Af for 

JV N N 

all t e R. Now, we prove that (5 is a group-like element i.e r{S) — S 3- 

N 

Lemma 5.19. — For all s,t e r(5**) and (5** pi^a <5** commute each other. 

N 
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Proof. — For alH G M, we have: 
(tj*, o af °^ ^T*t o tjf °«) o r - (tj*, pir^ tj*, o af °^ o Tt) o r o af °^ 

N N 

= (o'-t ° '^t ' o Tf ) o r o a_^ o cr, 

= (cr_t /3*a O-t ') O r O rtCT_t O CTj 
= r o cr_j o CTj 

We know that a'^^a'f°^(rfi) — (5**77i(5^** for aU m G A/, that's why we get: 
In particular, for all s G K, we have: 

N N 



We recall jKVOOj (result 7.6) in the following lemma: 

Lemma 5.20. — There exists a subspace C of M such that, for all c G C: 
i) ce Tiofl,; 

a) 6^^^'^a^°J^{c*) is bounded and belongs to 'D{(7f°^) H A/$o_r/ 



<i>oR 

t 



□ 



\) 5 ^I'^c* is bounded and belongs to M^^R' 



III 



') A^oflCC*) is a core for 6 ^1"^ ; 



vi) c£N^, $(c*c) = <^ o R{{5-^l'^a^°f^{c*))*5-^l''a^°f^{c*)) ; 
vii) Tl{c*c) = Sr{5-^/^c*c5-^/^) 
(We recall that Sr satisfies v o o Tr = $ o _R = o o Sr). 

Proposition 5.21. — If Sr is the unique n.s.f operator-valued weight which 
satisfies v o /3~i o Tr — <^ o R — v o a"^ o Sr, then we have: 

$ o R{{lo, pi.^ ^d){T{a))) = iSR{a)S-'/^v\S-^^\) 

for all V G 'D{d^^/'^) n £'((-ff$oi?,)/3, a"rf a G TV.jofl' H A/g^ . 

Proof. — Let c G C and d G A/^oi?, H A/r^ . By left invariance of Tl, we have: 

zd)(r(c*c))) 

= (Tl(c*c) J$oi?A$ofl(d)| J*oflA$oi?.('^)) 
By properties of elements of C, this last expression is equal to: 
{SR{S-^/^c*cS-'/^).UoRMoR{d)\J^oRA^.Rid)) 



MEASURED QUANTUM GROUPOIDS 



67 



If wc denote by e the anti-representation of TV such that e(n) = J<^oROi{n*)J^oR 
for all n ^ N, then the expression is equal to: 

||J<[.o_rA$o_r(c<5"^/^) a<»e A<i,oit(d)|P 

= (5i^(d*d)J$oi^A$oi^(c<5-l/2)|J^^^A$oi^(crl/2)) 
= (S«(d*d)A*oK(a!°f2(^-'/'c*))|A*oii(a!°f2(^-'/'c*))) 
Then, properties of elements of C allow to finish the computation to get: 

* ° 'R(K*orA*cr(c) /3*a irf)(r(d*d))) 

= (5flKd)5-V2j^„^A^„^(c)|rV2j$oijA$cfl(c)) 
By continuity, the proposition holds. □ 

Corollary 5.22. — For all v e V{d^^/'^) n D{{His,oR)0,v°) and for all ele- 
ment a e A/$oij n A/sr; we /lave; 

Proof. — Straightforward by the formula v o a~^(< x£^,ri >i3,v>) = {x^\r]) for 
all X e f3{Ny and ^,r] G D{Hi3, v"), and the previous proposition. □ 

We put r^^) the *-homomorphism (F id) oT = {id fj-ka T) o T from M 

N N 

to M f3®oi M f3®oi M. 
N N 

Lemma 5.23. — If v e D(5-V2 5-1/2) ^ d{{H^or /30a -ff*cii)/3, z^'') 

and a e A^a.oij fl jVs„, i/ien we /laue.- 

$oi?((w„ ;3*„ id)(r(2)(a))) 

= ((Sfl(a) /30al)(5-^/' /30a 5-'/')^^|(<5-^/' /30a 5-'/')^^) 
JV AT A 

Proof. — Let ^, r? € ^((J"^/^)) pi D{{H^or)i3, f"). By the previous proposition 
and its corollary, we have: 

"^^Rii^i.^.r, /3^airf)(r(2)(a))) 

= $ o R{{ujr, fj-ka id){T{{u>^ i3-*a id){T{a))))) 

= {SRiiu^i idma)))S-'/'rj\S-'/'rj) 

= (a(< SR{a)r^l^U-^l^i >/3,.» r^l^ri\b-'l\) 
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which is equal to: 

JV !^ N 

Since V2)) n D{{H^,r)0, u") P(,5- V2)) n D{{H^,r)i3, 2^°) is a core 
for the lemma is proved. □ 

N 

Lemma 5.24. - We have: 

V N 

for all V e D(r(<5-V2)) n D{{H^oR /30a H^or)/3,i^°) and a e A/^oa n Xsb- 

Proo/. — Let {r]i)iei be a -basis of i?^. We put = {X'^f)*Wv for 

alH e / and we have, for all m e M: 

{T{m)v\v) = ((1 m)Wv\Wv) 

N" 

Since w e X»(r(^-V2)) and r(a;) = W*{1 x)W, we notice that Wt; 



belongs to V{1 a'^g S ^/^) and Wi belongs to 'D(6 ■^/^). Then, by the previous 



'0 

proposition and normality of $ o _R, wc have: 



= ^ 3> o 0i.^id){T{a))) 



iei 

= {{SR{a) l){T{6-'/^)v\iT{5-'/^)v) 

N 

By continuity, the proposition holds. □ 
Proposition 5.25. — We have T{5) = 5 is^a 5. 

N 

Proof. — For all element v in the intersection of /si^a '5"^^^), 

P(r(5-V2)) and D{{H^oR /jOa H^oR)0,y''), we have: 

1/ 

\\{S-'/^ ;30„<5-i/>ir = ||r(<5-i/>||2 

JV 
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But, these operators commute each other so that there exists a subspace which 
is a core for both fj®a and r(i5~^/^). By the previous equahty, we 

N 

get that the two operators have the same domain and consequently they are 
equal. □ 

5.4. Uniqueness of left invariant operator-valued weight. — 

Theorem 5.26. — IfT' a n.s.f left invariant operator-valued weight which is 
13-adapted w.r.t v, then there exists a strictly positive operator h affiliated with 
Z{N) such that, for all t Cz M., we have: 

voa-^ oT' = {vo ar^ o TL)i3{h) and [DT' : DTL]t = P{h'*) 
Proof — We put ^' = v o cT^ o T . Bv 14.491 we have for all s e R: 

r O (T*^ O = (t_s /3*q Cr^s) ° r O (T* = {id fj-ka (7*^ O ) O F 

N N 

By right invariance Tr, we have for all a G A^J^: 
Tnia", o erf {a)) - ($ o i? *rf)(r(a*, o af (a))) 

= a*, o af (($ o R ^d)T{a)) = a% o <jf'{Tn{a)) 

Since T and T' are a-adapted w.r.t we get that $ o i? is (t*j, o a* -invariant 
and, so (t*°^ and cr*^ o commute each other. But cr*"^ and ct* commute 
each other that's why 0"^°^ and cr* also commute each other. For all s, i e R, 
we have: 

Consequently af ((5*'*)(5~*'* belongs to f3{N). Since T' is a-adapted w.r.t 
I/, P{N) is CT^ -invariant and M D /3(iV)' is cr* -invariant so that, in fact, 
p.*'^^2s^^-zs belongs to P{Z{N)) and we easily get that there exists a strictly 
positive operator k affihated with Z{N) such that af {6'") = P{k"'*)S"' . Then, 
we have: 

af o af{m) = af {5-''af°'^{m)S'') = /3(fc-'«*)5-*Vf ' o af °^(m)5'*/3(fc'«*) 

= /3(fc— *)af oaf (m)/3(fc-*) 

Since is /3-adapted w.r.t is affiliated to the centralizer of cr^. Apply 

$ to the previous formula and get: 

* ° ° f^fC"!*"*) = $(/3(fc"''*)^Tf o erf (m*m)/3(fc*''*)) 

= o (T* (m*m)) = $ o fT* (m*m) 
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So, bv 15.91 and left invariance crfj o Tj, o erf , there exists a strictly positive op- 
erator Qs affiliated with Z{N) such that ^ocrf = By usual arguments, 
we deduce that there exists a strictly positive q affiliated to Z{N) such that 
$ o erf ^ $/3(,-=) and [D* o af : D^]s = (3{q^'). Then, again byES there 
exists a strictly positive operator h affiliated to Z{N) such that <i> ~ ^f3{h) avec 
[DT' : DTL]t = □ 

Also, we have a similar result for right invariant operator- valued weight. 

Corollary 5.27. — There exists a strictly positive operator h ajfiliated with 
Z{N) such that: 

Tr = [RoTlO R)a(h) 

Proof. — Tr and RoTl o R satisfy hypothesis of the previous theorem. □ 

5.5. Manageability of the fundamental unitary. — In this section, we 
prove that the fundamental unitary satisfies a proposition similar to Woronow- 
icz's manageability of I Wor96| . 

Lemma 5.28. — There exists a strictly positive operator P on such that, 
for all X e A/"* and t e M, we have P'*A$(a;) = A2 A$(Tt(x)). 

Proof. — Since $ o i? = $5, by jVaeOlaj (5.3), we have: 

A$((Tf °^(x)) = 5'Kj^xi5'U^l^lK^(x) 

and since A is affiliated with Z{M), we get ||A$ (erf = ||A^A<e,(x)|| for 
all x e A/* n Ntj^ and i e M. But, we know that $ is crf°^ o rj-invariant, so 
||A$(a;)|| — IIA2 A$(rt(a;))||. Then, there exists Pt on such that: 

PtA$(a;) = X^A^inix)) 

for aU X e 7V$ n Afr^ and t € R. For all s,t e R, we verify that PsPt = Pst 
thanks to relation Tt{X) = X and the existence of P follows. □ 

Definition 5.29. — We call manageable operator the strictly positive op- 
erator P on such that P**A$(a::) — A2 A$(Tt(x)), for all x e A/* and i e M. 

Proposition 5.30. — For all m e M, n e N and t e M, we have: 
p^t^p-rt ^ ^^^^^ P'*a{n)p-'' = a«(n)) 

P^*/3(n)p-" = /3(ar(n)) P^*/3(n)p-" = /3«(n)) 

Proof. — Straightforward. □ 

Then, we Ccin define operators -P^* /3*^a on i3^a. and -P^^ ol®^ 

pit 

on a®fi for all t e M. 
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Theorem 5.31. — W satisfies a manageability relation. More exactly, we 
have: 

v)\p a®l3 w) 

for all V e V{P-^), w <E V{pi) and p,q e D{aHi,v) n D{{Hi)^,v°). More- 
over, we have W{P'^ p®^ P'^) = {P'* a®p P''*)W for all t e M. 

Proof — Let p,q £ D{o,H^,v) n D{{H^)p,v°). For all v G V{D^/^) and 
w e X>(D"i/2), we know that: 

{I{id'fcLUg^p){W)Iv\w) = {{id* ujp^g)(W)D^^^v\D-^/'^w) 

Since {id* ujp^q){W) G ^{S) — T>{T_i/2) and t is implemented by D~^, we 
have T_i/2{{id * ujp^q){W)) = I{id 

* Wg^p)(M^)/. But T is also implemented by 

P, so that: 

{I{id*ujq,p){W)Iv\w) = ((id*u;p,g)(H/)pi/2„|P~i/2?i;) 
for all V e 2?(P^/^) and w e I?(P~^/^). By 14.521 we rewrite the formula: 

{(T^W*a^{q ^p®av)\p a®i3w) 

= {a^oWa^o{J^p ^®fiP-^l'^v)\J^q ^(g)^ P^^^w) 

Now, we have to prove P^*(P** P**) = (P'* ;3(g)„ P**)W^* for all 

t e R. First of all, because of the commutation relation between P and /?, 
D{{H^)fj,i'°) is P**-invariant and if {£,i)iei is a (A^°, i/°)-basis of {H,^)p, then 
{P^*ii)i<^i is also. Let w € D{{H^)p,v°) and a e Wt^ nW*. We compute: 

(P^* ^®„P**)W^*(« a®^A$(a)) 

= II^'*6 /3®a A*/2A$(n(K,e. p*c.id){T{a)))) 

= ^P''ii i3®ak<i>{{u}pu^^pu^^ id)(r(A*/Vi(a)))) 

= VF*(P**?; A*/2A$(Tt(a))) = V1/*(P** a®,? P'*)(t' a®/5 A$(a)) 

□ 

Following | Eno02| (definition 4.1), we define the notion of weakly regular 
pseudo-multiplicative unitary. 
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Definition 5.32. — A pseudo-multiplicative unitary W w.r.t a,P,p is said 
to be weakly regular if the weakly closed linear span of {X^'^yyVp^'" where 
V, w belongs to D{aH, v) is equal to a(A^)'. 

Proposition 5.33. — The operator W = <7i,W*a,, from iJ$ ^(g)Q iJ$ to 

i?$ a® 13 -ff* is a pseudo-multiplicative unitary over N w.r.t a, (3, (3 which 
~ weakly regular in the sense of |Eno02| (definition 4-1)- 

Proof. — By jEVOO , we know that is a pseudo-multiplicative unitary. We 
also know that < [X^^PyW p^" >-"C a{N)' . For all w € V{P~^), w € V{P^) 
and p,q £ D{aH^, v) n D{[H^)jj, v"), we have, by theorem l5.31l 

and on the other hand: 

= (i?"'''(z;)J.A,(< J$q, J$p >^^,o)\w) 

= {p-^/^R''^^v)J,A,{< J^q,J^p>^^^^J\P'/^w) 

= (i?"-'^(p-i/2i;)A;i/V,A,(< J*g, J*p>3 ^„)|pi/2ii;) 

- (i?",-(p-l/2^,)A,(< J^p, J^q >^ ,,0 )|pl/2^) 

= (J$p p-^/^f I J*? P^^^w) 
There exists S G such that OyoWouo'E. — J^p ^(^a P~^^'^v since 

W is onto. By definition, there exists a net {J2k^i J^Pk a*^/3 
which converges to S. So, the net {(^^l^^i{)^^fYWp^'i^q\w))i^i converges to: 
{a^^oWa^^oElJ^q ^(g)^ P^^'^w) = {J^p ^(E)a P^^^^w] J$g p(E)a P'^^'^w) 

= {R°'-''{v)R'^^''{p)*q\w) 
Then, we obtain a(7V)' =< P"''^(w)P"^'"(p)* >-*'c< {LJ^,jMd)(Wa^o) 

□ 

Corollary 5.34. — If M denote the weak closed linear span of {Lo^,rj*id){W) 
where ^ g D{{H^)f3, v°) and rj € D{aH'i, v), then M is a von Neumann algebra. 

Proof. — Comes from weak regularity of W and |Eno02| (proposition 3.2). □ 
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5.6. Changing the quasi-invariant weight. — Let v' be a n.s.f weight 
on N such that there exist strictly positive operator h and k affiliated with 
N strongly commuting and [Dv' : Dv\t = k^h^* for all i e K. By |Vae01a| 
(proposition 5.1), it is equivalent to {h^'^) = for all s,t £ R and v' = Vh 

in the sense of jVaeOlal . This hypothesis is satisfied, in particular, if a'^ and 
a'' commute each other. In this cas, k is affiliated with Z{N). 

Proposition 5.35. — There exists a n.s.f operator-valued weight from M 
to a{N) which is fi-adapted w.r.t v' such that, for all i g R, we have: 

[DT'^:DTL\t= Pik^h^') 

Proof. — By 14.41 there exists a n.s.f operator-valued weight Sl from M to 
P{N) such that v o a^^ o = v o j3^^ o Sl so that Sl is a-adapted w.r.t v. 
Then, again bv I4.4l there exists a n.s.f operator-valued weight from M to 
a{N) such that v' o f3~^ o S — v o a"-^ o so that is /3-adapted w.r.t ly' . 
Then, we compute the Radon-Nikodym cocycle for all t G K: 

[DT'^ : DTL]t - [Diy o a'' oT'^:Dvo a'^ o Ti]^ 

= [Dv' o(3-^oS:Dvo o S]t 

□ 

Corollary 5.36. — We have: 

voa^'^ oT[ ^ (voa^'^ oTL)p(h) and v' o a^^ oT'^^ ^ {v o a^'^ oTL)a{h)[j(h) 
Proof. — Come from |Vae01a| (proposition 5.1) and the following equality, for 
all t e M, o oT^ : Dvoa-^oTL]t = a{k'^)P{k^)a{h'*)(3{h'^). □ 

Proposition 5.37. — r[ is left invariant. 

Proof. — Let a G A^™ . By left invariance of Tl, we have: 

^ L 

{id /3*„ 1^' o a'^ o T[){T{a)) = {id u o a'^ o T|)(r(a)) 

u' V 

= {id p-ka {v o o TL)p(h)){^{a)) 

= {id i^oa-^o Ti)(r(/3(/ji/2)a/3(/ji/2))) 

= TL{p{h'/')aP{h'/'))=T'{a) 

□ 

We state the right version of these results: 
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Proposition 5.38. — There exists a n.s.f right invariant operator-valued 
weight which is a-adapted w.r.t v' such that, for all i S M, we have: 

[DT^:DTj,]t = a{k'^h'') 

Moreover, we have: 

I'D /3^'^ oT'j^ = {i^o /3~^ oT]i)a(h) and v o [3''^ oT'j^ = {v o (3''^ oTR)a{h)p(h) 
Lemma 5.39. — The application defined by the following formula: 

V v' 

for all£_ e H and r] G D{aH, v) n V{a{h^/^)), is an isomorphism of f3{Ny — 
a{Ny° -bimodules from H /^^a H onto H p®a H . 

V 1/' 

Proof. — For all x G A/^y' , we have: 

a{x)a{h^^^)T] ^ a{xh^'^)T^ = R"''' {Tj)K{xh^'^) = R'"'" (t^)K,{x) 

so that a{h^/'^)ri e D{aH,v) and R"'-''' {a{h^/'^)r]) = R°'^''{rf). Also, we recah 
that J^i — J^k^^/^ J^k'-/^ Jjj by VaeOla (proposition 2.5). Then, we have: 

= (/3(J^ < 7/1, ?72 = (Cl fS'^a ?7l|6 /S^a '72) 

□ 

Remark 5.40. — For all ^ e D{Hfj, v°) and 77 e D{aH, v), we have: 
1/ I/' I/' 

Proposition 5.41. — Let {N,M,a,P,r,i',TL,Tii) be a measured quantum 
groupoid. There exists a measured quantum groupoid (N, M, a, /?, P, i^' , T'j^, T^) 
fundamental objects of which, R' , t' , A', (5' and P' , are expressed, for all i G R, 
in the following way: 
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i) i?' i?, A' = A and 5' = 5; 

ll) tI = Ad^^^^^_^^^^^^^^^^^ O Tt = Ad^^[D.':D.];)f3ilD.':D.U) O Tt 

iii) P''' ^ a{k'^h'')(3{k^h-'')J<s,a{k'^h'')(3{k^h-'')J^P'* 

Proof. — The existence of {N, M, a, (3, F, i^' , T^, T^) has been already proved. 
We put = i/' o o r[ and = i^' o o T^. Let a;, y € Wt;, n TV*-. By 
|Vae01a| (proposition 2.5), we have: 

J^,A^,{x) = J*a(fc-*/«)/3(fc*/«)J*a(fc*/«)/3(fc-*/«)J*A*(xa(/ii/2)/3(/ii/2)) 

Wj^,A^,(2;) = WQ(fc,/8)^(fc-i/8)J^A4,(2:Q(/ll/2)/3(hl/2)) 

Then, we easily verify 

a(fe^/8)/3(fc-^/8)Jv[,Av[,(2:Q(?ll/2)/5(/il/2)) — -'z/ '^Q(fc»/8)J^Av[,(KQ(?ll/2)) 

We compute: 

(w,/^,A^,(x) /3*a id){r{y*y)) 

v' 

= (^a(A;VS)^(fc-V8)j^A^(2;a(/iV2);3(/ii/2)) /3^q ld){T{y'' y)) 

u' 

= i^a{k^/<^)j^h^(xa{h^/'^)) id){T{y*y)) 
= i^.j^A^ixa{k-'/^hy^)) I3*a id){T{y*y)) 
Apply R to get: 

= K.A.fe) p*c.id){T{a(k^'^h^'^)x*xa{k-'^/''h^'^))) 
= ('^a(fc-'/sfti/2)j^A^(j^) /3*a «d)(r(a;*x)) 
= (t^a(fe'/8)j*A*(yQ(/ii/2)) ;3*Q id)(r(x*a;)) 

^ i^J^,A^,{y) I3*aid)ir{x*x)) = R'[{ujj^,A^,(^^^ i3*o,id){T{y*y))] 

v' v' 

so that R = R! . For aU a e A/, f e £'(i?;3, and t e M, we have: 
rt((w^ /3*a i(i)(F(a))) 

z/' 
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By |Vaenia| (proposition 2.4 and coroUaire 2.6), we know that: 

V 

a(feT-/i»*);3(fe-J-/i")A;j;;'4 ^ a{k^ h-'^)l3{k^- h-'-t) 

SO that: 

/3*a zd)(r(a))) 

= aik^h-'')f3{k'^h'')Ti{{Lo^ pi.^ id){V{a)))a{k'^h'')p{k^h-'') 

v' 

Consequently, we have: 

t[{z) = a{k'^h'')l3{k'^h-'')Tt{z)a{k^h-''')p{k'^h'') 
for all z e M and t G M. Now, we compute the Radon-Nikodym cocycle: 
[Diy' oa-^ oT' oR: Dv' o a^^ o T']t 
= [Dv'a^^T'R : Dva-^TR]t[Dva-^TR : L>z^a~^T]f [Dj/a^^T : Dv'a-^T']t 

= a{[Du' : Dv]t)fi{[Dv' : Dv]%)\'^ 5'' a{[Dv : Dv']t)(3{[Du : Du']*_t) 

which is equal to A~(5'*. Finally, we express the manageable operator P' in 
terms of P. We have, for all x € Mt'^ n A/$' and t e M: 

P'**A$,(x) = A'*/2A$,(t;(x)) 

= \'/^K^{a{k'^h'')l3{k^h-'')Tt{x)a{k^hr'')p{k'^h^')a{h^'^)^^^ 
which is equal to the value of: 

A*/2a(fc'#/i**)/?(fc"?^/i-'*)J$a(fc'^ft'*)/3(fc"^/i-**)a(A:*/2)/3(fc*/2)J$ 
on K^{Tt(x)a{h^l'^)P{h^/'^)) and the value of: 

\'/^a{k'^h'')l3{k^h-'')J^a{k'^h'')f3{k^h~'')J^ 
on A<i,(rt(a;a(/ii/2)^(;ji/2))) ^jji^h is: 

aik"^ h'*)P{k^ h-'^)Jia{k'^ h'*)P{k^ h-'*)J^P'*A^,{x) 

□ 

Thanks to these formulas, we verify for example that T/(a(n)) = ctia^ (n)), 
Tf{f3{n)) — (3{(Tt (n)) and r' is implemented by P'. 
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Proposition 5.42. — Let {N,M,a, l3,T,iy,TL,Tji) be measured quantum 
groupoid and let Tl be an other n.s.f left invariant operator-valued weight 
which is (3-adapted w.r.t v . Then fundamental objects R, f , \, 6 and P of the 
measured quantum groupoid {N,M^a^(3^T,v,Ti^,Tji) can be expressed in the 
following way: 

i) R, T ^ T,\ = \ and P ^ P 

ii) 6 — Sa{h)(3{h^^) where h is affiliated with Z{N) s.t. Tl = {TL)j3(h) 

Proof. — By uniqueness theorem, there exists a strictly positive operator h 
afhhated with Z{N) such that o o Tl = (i' o o TL)p[h} and, for all 
t eR, we have [DTl : UTl]* = /3(/i**). We have already noticed that R and 
T are independent w.r.t left invariant operator-valued weight and /3-adapted 
w.r.t v. We compute then Radon-Nydodim cocycle: 

[Diyp-^RTLR : ZJi/a^^Tilt 

= [DuP-^RTlR : DvP-^RTlRUD-^ ■ D^t[Dva-'^TL : Dua-'^fL]t 

= RUDTl : DTL]U)[D'i' ■ D^]t[DTL : DTl^ 

= a{h'')X'^S''(3{h~'') = X'^S''a{h'')(3{h-'') 

Then, it remains to compute P. If, we put ^ ~ v o a^^ o Tl, we have, for all 
t gR and X S AT^^ D J\f^: 

P^'A^ix) = ~X'/^A^{ft{x)) = X'^^AMxmh'^^)) = X'/'A^iTt{xPih'/^)) 

= P^'A^{xpih'/^)) = P^%{x) 

□ 

Theorem 5.43. ~ Let{N,M,a,l3,T,v,TL,TR) and{N,M,a,(3,T,iy',T[,T^) 
be measured quantum groupoids such that there exist strictly positive operators 

h and k affiliated with N which strongly commute and [Dv' : Dv\t = k~ h^* 
for all t G M. For all t € R, fundamental objects of the two structures are 
linked by: 

i) R' ^ R 

ii) r/ = Ad -ui ui oTt= Ada(iD^':Du];)i3aD^':D^l) o n 

Hi) X' = X 

iv) S' — S where S and 6' have been defined in vrovosition 15. i ii 

v) P'^* ^ aik"^ h'*)f3{k^ h-'*)Jia{k'^ h^*)P{k^ h-'*)J^P'* 

Proof. — We successively apply the two previous propositions. □ 
We state results of the section in the following theorems: 
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Theorem 5.44. — Let [N,M,a, (3,V ^v,Tl,Tpi) he a measured quantum 
groupoid. If T' is a left invariant operator-valued weight which is j3-adapted 
w.r.t V, then there exists a strictly positive operator h affiliated with Z{N) 
such that, for all t G R; 

V o o T' = {v o o TL)i3i^h) 

We have a similar result for the right invariant operator-valued weights. 

Theorem 5.45. — Let{N,M,a,f3,T^i',TL,RoTLoR) he a measured quantum 
groupoid. Then there exists a strictly positive operator 5 affiliated with M H 
a{N)' n P{N)' called modulus and then there exists a strictly positive operator 
A affiliated with Z{M) n a{N) D P{N) called scaling operator such that [Dv o 

a-^ oTlo R: Diyo «-! o Tl]* = X'^S'* for all t £ M. 
Moreover, we have, for all s,t Cz M; 

[Du o Qf-i oTlots : Dv o cx-^ o TL]t = A"*^* 

[Di' oa-^ oTloRoTs : Duo a^^ o Tl o R]t = A"'^* 

i) 

[Dv oa-^oTLoRo : Dv o o Tl o R]t = A"*"* 

a) R{X) = X, R{6) ^ S-\ Tt{S) = S and Tt(A) = A ; 
Hi) S is a group-like element i.e T{S) = S f3®a 

N 

If v' is a n.s.f weight on N and h, k are strictly positive operators, affiliated 
with N , strongly commuting and satisfying [Dv' : Dv]t = k~ h^* for all t g M, 
then there exists a n.s.f left invariant operator-valued weight Tl which is (3- 
adapted w.r.t v' . Moreover, if {N, M,a, (3,T, v' ,T'j^,T^) is an other measured 
quantum groupoid, then, for all i G R, fundamental objects are linked hy: 

i) R' = R 

a) r/ = Ad ^ ^ «i ° n = Ad^([Du,.,DuYt)fi([Di^'--D,^\t) ° 
a{k 2 h^^^)p{k 2 h^^) 

Hi) X' — X 

iv) 6' — 6 where 6 and S' have heen defined in vrovosition \5.1l\ 

v) P'i* aik"^ h'*)P{k^ h-'*)Jia{k'^ h^*)P{k^ h-'*)J^P'* 

6. Examples 

6.1. Groupoids. — 

Definition 6.1. — A groupoid G is a small category in which each mor- 
phism 7 : a; ^ y is an isomorphism the inverse of which is Let G^^^ 

the set of objects of G that we identify with {7 G GI7 07 = 7}. For all 
7 S G, 7 : a; — > y, we denote x — 'y~^j — s('^) we call source object and 
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y ^ 11 1 = r(7) we call range object. If G^"^^ is the set of pairs (71,72) of G 
such that 5(71) = ^(72), then composition of morphisms makes sense in 

In | Ren80| . J. Renault defines the structure of locally compact groupoid G 
with a Haar system {A",u G G^°^} and a quasi-invariant measure /x on G^°^. 
We refer to jRenSOj for definitions and notations. We put v — jio \. We refer 
to |Uo79j and |ADROO| for discussions about transversal measures. 

If G is (T-compact, J.M VaUin constructs in jVal96j two co-involutive Hopf 
bimodules on the same basis TV = L°°(G^°>, /i), following T. Yamanouchi's 
works in 'Yam93j . The underlying von Neumann algebras are L°°{G, v) which 
acts by multiplication on H — L^{G, v) and C{G) generated by the left regular 
representation L of G. 

We define a (resp. anti-) representation a (resp. /3) from N in L°°{G,i') 
such that, for all / G A^: 

a{f)=f°r and f3{f) ^ f o s 
For all i,j G {a, /?}, we define cj^'^ C G x G and a measure vf^ such that: 
H H is identified with L^{Glf,vlj) 

N 

For example, Gj^\ is equal to G^'^^ and ^ to v'^. Then, we construct a 
unitary Wq from H a® a H onto H fj®a H, defined for all ^ e L'^{G^X^^a a) 

by: 

for z^^-almost all {s,t) in G^^\ 

This leads to define co-products Tq and Tq by formulas: 

raif) = Wg{1 a®a f)W^ and f^(fc) = 1)Wg 

W AT 

for all / e L°°{G, v) and fc e C{G), this expficitly gives: 
for all / e i°°(G', i^) and !^2_almost ah {s,t) in G^^l, 

Jg 

for aU^ g L^{Gi% 

a)^ ^ ^ coutinuous fuuctiou with compact support on G 
and f^^„-almost all {x,y) in ci^i. Moreover, we define two co-involutions jc 
and jc by: 

for all / G L°°{G, v) and almost all a;, 

Jg(5) ^ J9*J 
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for all g G C{G) and where J is the involution = ^ for all ^ G L'^{G). Finally, 
we define two n.s.f left invariant operator- valued weights Pq and Pq: 

PG{f){y)^ I f{x)dX-^y\x) and PgW)) ^ a{f\Gm) 
Jo 

for all continuous with compact support f on G z^-almost all y in G. 

Theorem 6.2. — Let G be a a-compact, locally compact groupoid with a Haar 
system and a quasi-invariant measure fion units. Then: 

(G^°> ,fi),L°°{G,,y),a,(3,rG,fi,PG, JgPgJg) 
is a commutative measured quantum groupoid and: 

{L°- (G^°> , /:(G) , a, a, , Pg.I^PgJg) 

is a symmetric measured quantum groupoid. The unitary Vq — Wq is the 
fundamental unitary of the commutative structure. 

Proof. — By |Val96| (th. 3.2.7 and 3.3.7), (i°°(G^°>, ^i), L°°(G, a, /?, Tg) 
and (L°°(G'f°'^, /x), £(G), a, a. To) are co-involutive Hopf bimodules with left in- 
variant operator-valued weights; to get right invariants operator-valued weights, 
we consider jgPgJG and jcPGjG- 

Since L°°{G,v) is commutative, Pq is adapted w.r.t /i by |Val96 | (theorem 

3.3.4), crf°" fixes point by point a{N) so that Pg is adapted w.r.t /i. 

Finally, for all e, f,g continuous functions with compact support and almost 
aU (s,t) in G^^l, we have, bv lTTCI 

(1 /3®a JeJ)VFG(/ o^^c g)is,t) ^7(t)f{s)g{st) ^TGig){f /3®ae)(s,i) 

JV M 

= (1 l3®aJeJ)UH{f a®ag){s,t) 
N 

so that we get Ur = Wq- □ 

Remark 6.3. — In the commutative structure, modular fmiction and 
modulus coincide and the scaling operator is trivial. 

We have a similar result for measured quantum groupoids in the sense of 
Hahn ( |Hah78aj and |Hah78bp : 

Theorem 6.4. — From all measured groupoid G, we construct a commutative 
measured quantum groupoid {L°°{G^^\ fi), L°°{G,i'), a, P,Tg, fi, Pg, jGPGjG) 
and a symmetric one {L°°{G^'^^ ,^).,C{G),a,a,TGilJ',PG,jGPGjG)- Objects 
are defined in a similar way as in the locally compact case. The unitary Vq is 
the fundamental unitary of the commutative structure. 
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Proof. — Results come from [YamQ3j for the symmetric case. It is sufficient to 
apply in this case, technics of jVal96| for the commutative case and invariant 
operator-valued weights. □ 

Conjecture 6.5. — // (A^, M, a,/?, r, /i,Ti,Tfj) is a measured quantum 
groupoid such that M is commutative, then there exists a locally compact 
groupoid G such that: 

{N, M, a, r, Ti, Tr) ~ (L°°(G{">, L°°(G, z/), a, /5, Tg, Pg.JgoPgojg) 
6.2. Finite quantum groupoids. — 

Definition 6.6. — (Weak Hopf C*-algebras |BSz96j ) We caU weak Hopf 
C*-algebra or finite quantum groupoid all (M, F, where M is a finite 
dimensional C*-algebra with a co-product T : M ^ M ^ M, a co-unit e and 
an antipode k : M ^ M such that, for all x,y E M: 

i) r is a *-homomorphism (not necessary unital); 

ii) Unit and co-unit satisfy the following relation: 

(e ® e){{x ® l)r(l)(l (g) y)) = e{xy) 

iii) K is an anti-homomorphism of algebra and co-algebra such that: 

- (k o = t 

- (m(K ® id) ® id){T ® id)T{x) = {l® a;)r(l). 
where m denote the product on M . 

We recall some results |NVnn| . jNVn2| and |RNS99j . If (M,r,K,e) is a 
weak Hopf C*-algebra. We call co-unit range (resp. source) the application 
Et — m{id (g) k)T (resp. Eg — m{K ® id)T). We have k o st — Eg o k- There 
exists a unique faithful positive linear form h, called normalized Haar measure 
of (M, r, K,e) which is /t-invariant, such that {id iS) h){T{l)) = 1 and, for all 
x,y € M , we have: 

{id ® h){{l ® y)T{x)) = K{{i ® h){T{y){l ® x))) 

Moreover, Ef^ = (/i (g) id)r (resp. E^^ ~ {id (g h)r) is a Haar conditional 
expectation to the source (resp. range) Cartan subalgebra es(M) (resp. range 
Et{M)) such that h o E^ = h (resp. h o Ef^ = h). Range and source Cartan 
subalgebras commute. 

By jVa,in8j and |Nikn2) . we can always assume that n^^^i^^-^ — id thanks to a 
deformation. In the folloviring, we assume that the condition holds. 

Since ho k — h and KEt = EgK, we have ho Et — ho Eg- 

Theorem 6.7. — Let {M, F, k, e) he a weak Hopf C*-algebra, h its normalized 
Haar measure, E^ (resp. E\) its source (resp. range) Haar conditional expec- 
tation and Et{M) its range Cartan subalgebra. We put N — Et{M), a — id\i^. 
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P = K\N, r the co-product T viewed as an operator which takes value in: 

M f}-ka M ~{M ® M)r(i) 

N 

and fj, = hoa = ho(3. Then (N, M, a, (3, F, ^, E\, Ef^) is a measured quantum 
groupoid. 

Proof. — a is a representation from N in M and, since k^^^^j^^^ = id, /3 is a 
anti-representation from N in M . They commute each other because Cartan 
subalgebras commute and n o et — Eg ° n- For all n Cz N, there exists m G M 
such that n ~ et(ra). So, we have: 

f (a(n)) = V{et{m)) - r(l)(£t(m) ® l)r(l) = a{n) 0®^ 1 

AT 

Also, we have V(j3(n)) — 1 /?("■) and F is a co-product. Then 

N 

{N, M, a, /3, F) is Hopf bimodule. Moreover, for all n G N and t E R, we 
have: 

afH(3{n)) = aT^Hm) = ^T'^HPin)) = a^<"'(/3(n)) 

= /3(/r'°'("))=/3K*H) 
and is /3-adapted w.r.t /i. Since Ef^ = ° then is a-adapted w.r.t 

/X. □ 

Theorem 6.8. — Let (A'', M, a, /3, F, z^, T^, Tr) &e a measured quantum 
groupoid such that M is finite dimensional. Then, there exist T, n and e 
such that (M, F, K,e) is a weak Hopf C*-algehra. 

Proof. — Bv 12.31 we identify via L'^{M) /3®a L^{M) with a subspace 

N 

of L2(M) ® L^{M). We put f (a;) = /^,„F(a;)(/^^)*. By |Vainij (definition 
2.2.3), the fundamental pseudo-multiplicative unitary becomes a multiplicative 
partial isometry on L^{M) ® L^{M) of basis {N, a, /§, /3) by / = ^W{rp^^)*. 
I is regular in the sense of ValOl, (definition 2.6.3) bv 15.331 Moreover, if we 
put H = L'^{M), then TrH{R{m)) = Trnim) for all m £ M because R is 
implemented by an anti-unitary, so Trn o (3 — Trn o a — Trn ° P and we 
conclude by |Val01j (proposition 3.1.3). □ 

Remark 6.9. — With notations of section k and 5* are linked by: 

k{x) = a{nl/^d^'^)p{n^^'^d-^'^)S{x)a{n-^'^d~^'^)(3{nl'^d^'^) 
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6.3. Quantum groups. — 

Theorem 6.10. — Measured quantum groupoids, basis N on which is equal 
to C are exactly locally compact quantum groups (in the von Neumann setting) 
introduced by J. Kustermans and S. Vaes in |KV03j . 

Proof. — In this case, the notion of relative tensor product is just usual tensor 
product of Hilbert spaces, the notion of fibered product is just tensor product 
of von Neumann algebras and the notion of operator-valued weight is just 
weight. □ 

6.4. Compact case. — In this section, we show that pseudo-multiplicative 
unitaries of compact type in the sense of |Eno02| correspond exactly to mea- 
sured quantum groupoids with a Haar conditional expectation. 

Definition 6.11. — Let be a pseudo- multiplicative unitary over N w.r.t 
a,/3,p. Let f he a n.s.f weight on N. We say that W is of compact type 
w.r.t if there exists £, G H such that: 

i) £_ belongs to D{H^, v°) n D{a,H, v) n D{Hfj, 

ii) < >/3,^o=< i,£.>c,u^< >p,y^ 1 

iii) we have W{£, j^®a v) — a®i3 V for all rj e H. 

In this case, ^ is said to be fixed and bi-normalized. We also say that W is 
of discrete type w.r.t if is of compact type. 

By |Eno02| (proposition 5.11), we recall that, if W is of compact type w.r.t 
V and ^ is a fixed and bi-normalized vector, then v shall be a faithful, normal, 
positive form on N which is equal to o a = o /3 = tj^ o /3 and it is called 
canonical form. 

Proposition 6.12. — Let {N, M,a, I3,T) be a Hopf bimodule. Assume there 
exist: 

i) a n.f left invariant conditional expectation from E to a{N); 

ii) a n.f right invariant conditional expectation from F to P{N); 
iii) a n.f state v on N such that v o a^^ o E ^ v o (3~^ o F. 

Then {N, M, a, (3, F, v, E, F) is a measured quantum groupoid. Moreover, if 
R, T, A and S are fondamental objects of the structure, then we have F = RoEoR 
and A = (5 = 1. Finally, Aj^oa-ioE(l) co-fixed and bi-normalized, and the 
fundamental pseudo-multiplicative unitary W is weakly regular and of discrete 
type in sense of |Eno02j (paragraphe 5). 

Proof. — For alH S R and n G N, we have: 

af (/3(n)) = ar"°^(/3(n)) = ar'''°^ (Pin)) = P{a%in)) 
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Also, we have: 

so that {N, M, a, /3, F, j/, i?, _F) is a measured quantum groupoid. By definition, 
we have: 

[Dvoa^^ oEoR:Dvo a^^ o E]t = X'^S'* 

On the other hand, since v o o E = v o (3^^ o F and by uniqueness, there 
exists a strictly positive element h affiliated with Z{N): 

[Dvoa^^ oEoR:Dvo o E]t = [DR o E o R : DF]t = a{h'*) 

We deduce that A = 1 and S = a{h), so a{h^^) — S^^ = R{S) ~ (3{h) and by 
|EnoOO| (5.2), we get h = I. 

We put ^ — ly o o E. If (^i)iG/ is a (A^°, j/°)-basis of {H^)p then, for all 
^;Gi^(7?^,;.°): 

a®^ A<E,(1)) = ^6 /Jf^a A<t,((cJ„,5^ p-ka id){T{l))) 

= /3«)q a(< >/3,i.o)A<j,(l) = w A$(l) 

It is easy to see that A$(l) belongs to D{{H^)j^, v°) n D{aH<;>, v) and satisfies 
< A$(1),A$(1) >^^„=:< A$(1),A$(1) >aM= 1 so that, by continuity, we get 
Uh{v a®fj A$(l)) — V fj®a A$(l) for all u e i.c A$(l) is co-fixed and 

bi-normalized. Since v o a^^ o E — ^ — v o f3~^ o F, we have bv 13.61 for all 
n G Af^: 

P{n*)A^{l) = l3{n*)J^A^{l) = J<i,Ai.(l)A^(n) 

so that A$(l) is /3-bounded w.r.t and R/^'"" {A,s>{l)) = J,s>Af{1)Ju. Conse- 
quently, A$(l) is bi-normalized and W is of discrete type. □ 

Corollary 6.13. — Let W be a weakly regular pseudo-multiplicative unitary 
over N w.r.t a, (3, (3 of compact type w.r.t the canonical form v. If £, a fixed 
and bi-normalized vector, we put: 

i) A the von Neumann algebra generated by right leg of W ; 
a) T{x) = cJi,oW{x a®0 l)W*a^ for all x e A ; 

Hi) E = (cjj fj-ka id) o r and F = [id p-ka '^^) ° T. 

Then (N ,A^0L,f3,Y ,v,E,F) is a measured quantum groupoid. Moreover, if 
R, T, A and 6 are the fundamental objects of the structure, we have F = RoEoR, 
\ = 5 = 1 and the fundamental unitary is W . 
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Proof. — By |EVnnj (6.3), we know that [N, A, a, /?, T) is a Hopf bimodule. By 
|KTinn2j (th eorem 6.6), E is b, n.f left invariant conditional expectation from A. 
to a{N). By | Eno02| (propositions 6.2 and 6.3), F is a n.f right invariant condi- 
tional expectation from A to P{N). Moreover, we clearly have oj^ o E = uj^ o F 
so that v o o E = v o f3~^ o F. We are in conditions of the previous propo- 
sition an we get that {N,A, a, (3, F, v, E, F) is a measured quantum groupoid, 
F = Ro E o R and \ ^ 5 ^ I. Finally, by |Enon2j (corollaire 7.7), W is the 
fundamental unitary. (More exactly, it is a„oW*ai, where Wg is the standard 
form of W in th sense of |Eno02| (paragraphe 7)). □ 

The converse is also true and so we characterize the compact case: 

Corollary 6. 14. — Let (N, M, a, (3, F) be a Hopf bimodule. We assume there 
exist: 

i) a co-involution R; 

ii) a n.f left invariant conditional expectation from E to a{N). 

Then there exists a n.f state v on N such that (N, M, a, F, j/, i?, i? o iJ o R) 
is a measured quantum groupoid with trivial modulus and scaling operator and 
the fundamental unitary of which is of discrete type w.r.t v. 

Proof. — We put F = R o E o R which is a n.f right invariant conditional 
expectation from M to (3{N). We also put: 

E = : (3{N) ^ a{Z{N)) and F = F|„(jv) : a{N) -> (3{Z{N)) 

We have, for all m G M: 

FE{m) i3®a 1 = (-F" /3*Q id){E{m) p®a 1) 

N N N 

= {F 0-*a id){id j3-ka E)T{m) 

N N 

= {id i3*a E){F id)T{m) 

N N 

= {id i3*c, E){1 f3®a F{m)) = 1 p®^ EF{m) 

N N N 

so, if FE{m) = (3{n) for some n e Z{N), then EF{m) = a{n). Moreover, we 
have: 

EF{m) i3(E)a 1 = EF{m) p®^ 1 = {id p-k^ E)V{F{m)) 

N N N 

= {id p^a E){\ p(g)a F{m)) = 1 p®a EF{m) 

N N N 

so that a{n) = (3{n). Consequently EF{m) = FE{m) and EE = EE is a n.f 
conditional expectation from M to: 

N = a{{n G Z{N), a{n) = (3{n)}) ^ (3{{n G Z{N),a{n) = f3{n)}) 
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Also, we have R^fi = id. So, if a; is a n.f state on N, we have looEo (5 = ojoFoa 
and v~uooEo(3 = LooFoa satisfies hypothesis of 16.121 then, corollary 
holds. □ 

Corollary 6.15. — Let [N, M,a, (3,T ,v,Tl,Tr) he a measured quantum 
groupoid such that Tl is a conditional expectation. Then there exists a n.f 
state v' on N such that a'^ — a'^ and the fundamental unitary is of discrete 
type w.r.t v' . 

Proof. — Let R be the co-involution. By the previous corollary, there exists 
a n.f state u' on N such that [N, M, a, (3, T, v' , Tl,RoTl o R) is a measured 
quantum groupoid. Since Tl is /3-adapted w.r.t v and v' , we have a'^ — <t^ . 
We easily verify that the fundamental unitary of the first structure coincides 
with that of the last one which is of discrete type w.r.t y' by the previous 
corollary. □ 

6.5. Depth 2 inclusions. — Let A/q C Mi be an inclusion of von Neumann 
algebras. We call basis construction the following inclusions: 

Afo C Afi C A//2 = JiAfgJi = EndM-{L^{Mi)) 
By iteration, we construct Jones' tower Afo ^ Afi C M2 C A/3 C • • • 

Definition 6.16. — If Af^nAfi C A/^nA/2 C Af^nAfs is a basis construction, 
then the inclusion is said to be of depth 2. 

Let Tl be a n.s.f operator- valued weight from Afi to Afo- By Haagerup's 
construction jStrSlj (12.11) and )EN96; (10.1), it is possible to define a canoni- 
cal n.s.f operator-valued weight T2 from M2 to Mi such that, for all x, y G Nt^ , 
we have: 

T2{KTAx)kTAvr) = xy* 

By iteration, we define, for all i > 1, a n.s.f operator-valued weight Ti from Mi 
to Mi-i. If is n.s.f weight sur Mq, we put ipi = ipi-i o T^. 

Definition 6.17. — |EN96| (11.12), |EVOO| (3.6). Ti is said to be regular if 
restrictions of T2 to Mq n M2 and of T3 to M{ n M3 are semifinite. 

Proposition 6.18. — jEVOOj (3.2, 3.8, 3.10). If Mq C Mi is an inclusion 
with a regular n.s.f operator-valued weight Ti from Mi to Mq, then there exists 
a natural *-representation tt of Mq n M^ on L'^{Mq n M2) whose restriction to 
Mq n M2 is the standard representation of Mq n M2 . Moreover, the inclusion 
is of depth 2 if, and only if tt is faithful. 

The following theorem exhibits a structure of measured quantum groupoid 
coming from inclusion of von Neumann algebras. 
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Theorem 6.19. — |Enon4j (theorem 9.2) Let Mq C Mi be a depth 2 inclusion 
of von Neumann algebras with a regular n.s.f operator-valued weight Ti from 
Ml to Mq. Let us assume there exists a n.s.f weight x on Mq n Mi such that 
af = af' for all t e R. 

Then, there exists T such that (M{nM2, M[r]M^, j2, id, T) is a Hopf bimodule 
with a left invariant operator-valued weight T^im^dm^ which is j2-adapted and 
a co-involution j2 where j2 the canonical anti-isomorphism from M2 onto 
M2 which sends x to J2X* J2 where J2 is given by Tomita's theory on L^(M2). 
So, we get a structure of measured quantum groupoid on M[ fl M3 . 

By jE VOn| . theorem 7.3 and proposition 7.5, the previous quantum groupoid 
acts on the von Neumann algebra Mi such that invariants are exactly elements 
of the von Neumann algebra Mg . 

Remark 6.20. — If Afo and Mi are semi- finite, thencr^^ is interior. Moreover, 
if, MqOMi is semi-finite, then ct^^ becomes the modular group of a n.s.f weight 
X on Mq n Ml . Consequently, all operator- valued weights are adapted in sense 
of |EnonO| . Then, we can also put a structure of measured quantum groupoid 
on Mq n M2 such that the left operator- valued weight T2\M'nM2 is invariant 
and ji-adapted where ji comes from Tomita's theory. This situation will be 
developed in more details in a forthcoming article about duality. 

6.6. Quantum space quantum groupoid. — Let M be a von Neumann 
algebra. M acts on iJ = L'^{M) ~ Lf,{M) where v is a n.s.f weight on M. 
We denote by M', (resp. Z(M)') the commutant of M (resp. Z{M)) in 
C(L'^(M)). Let tr be a n.s.f trace on Z(M). M' M = M' ® M 

Z(M) Z{M) 

acts on L'^{M) ® L'^{M). There exists a n.s.f operator-valued weight T from 

tr 

M to Z{M) such that v = troT. 

Let a (resp. (3) be the (resp. anti-) representation of M to M' ® M such 

Z(M) 

that a{m) — 1 ® m (resp. j3{m) = i{m) ® 1) where j{x) = J^x* Ji, for 

Z(M) Z(M) 

all X e C{Ll{M)). 

Proposition 6.21. — The following formula: 

I : [L^(M) ® L^{M)] 0(g)a [L^{M) (g) L^(M)] -> L^(M) ® L^{M) (g> L^{M) 

tr jy tr tr tr 

[A^{y) «) 77] /3«)q S i-^ a{y)E (g) i] 

tr tr 

for all rj G L^(M),S G L'^{M) ® L^{M) and y G M, defines a canonical 

tr 

isomorphism such that we have I{[m §5 z] p'S)a Z) ~ {a{M)Z ® z)I, for 

Z(M) V Z(M) 

all me M, ze ZiMY and Z e £(L^(M)) ★ M' . 

Z(M) 
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Proof. — Straightforward. □ 
We identify (M' ® M) (M' O M) with M' ® Z{M) ® M 

Z(M) M Z{M) Z(M) Z{M) 

and so with M' ® M . We define a normal *-homoniorphisni T by: 

Z(M) 

M' (g) M ^{M' ® M) (M' ® M) 

Z(M) Z(M) ^ Z(M) 

n (g) I*{n ® 1 ® m)/ = [1 ® m] fl®a ['^ ® 1] 

Z{M) Z{M) Z{M) Z(M) V Z(M) 

r is, in fact, the identity trough the previous isomorphism. 

Theorem 6.22. — // we put Tr = id * T and R = <;z(m) ° U <^ j), 

Z(M) ' Z{M) 

then {M, M' (g) M, a, (3, F, z/, i? o Tr o R, Tr) becomes a measured quantum 

Z{M) 

groupoid w.r.t v called quantum space quantum groupoid. 

Proof. — By definition, F is a morphism of Hopf bimodule. We have to prove 
co-product relation. For all m e M and n G M', we have: 

(F B-ka id) o T{n (g m) = [1 (g m] /3®„ [1 55' 1] [n ® 1] 

^ Z{M) Z(M) V Z{M) ' „ Z{M) 

= {id p-ka F) o F(n (g) m) 

v Z(M) 

Now, we show that Tr is right invariant and a-adapted w.r.t v. So, for all 
m e M, n e M' and C e D{^{L'^{M) ® L'^{M)), we put * = z/ o p-'^ o Tr 

tr 

and we compute: 

ojf{{-^ B-kaid)V{n (g) m)) = -^{{id a^q, (g m] R(E)a [n (g 1])) 

!y Z(M) y Z(M) V Z(M) 

= *([1 (g m](3{<[n (g l]C,^>a,^)) 

Z{M) Z{M) 

= i^{<[n (g T(m)]C,^ >a,^) 

Z(Af) 



= W{(n ig) T{m)) = LO^{TR{n (g m)) 

Z(M) Z(M) 



Finally, we have for alH e 



Tr Z(M) Z(M) 

<^t — '^t \(M' ® M)n/3(M)' — |(M' (g) M)n(M * £(L2(M))) 

Z(M) Z(M) Z(M) 

= |Z(M) Af = (g cr* j 11 Af = J- (g CTj 

z(M) Z(Af) Z(M) Z(A/) 

SO that crJ'' o a{m) = 1 (g ^^'(to) = a{(7'^{m)) for aU t G R and m G M. 

z(A^) 

Since it is easy to see that i? is a co-involution, we have done. □ 
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Bv lH.lfil we can compute the pseudo-multiplicative unitary. Let first notice 
that ^ ~ ly' ★ ly — so that X = S — 1 and: 

Z(M) 

a = l (g) id,a = id (g) 1,(3 — j ® 1 and /3 = 1 (g) j 

Z(M) Z(M) Z(M) Z(M) 

For example, we have D{{H ® H)^ ^ H ® D{Hj, u°) ^ H ® K{My) and 

tr tr tr 

for allrje H and y E J\f^, we have R^-^^r] (g) A^{y)) = A*''i?^>° (A^(y)) = X*J-y. 

tr 

Lemma 6.23. — We have, for all rj e H and e e Afi,: 

Proof. — Straightforward. □ 
Proposition 6.24. — We have, for all E e H (g H,ri e H and m eN^: 

tr 

W* {E a® I, [r] ® K^{m))) = r [ri ® {I ® m)S) 

tr tr Z(M) 

Proof. — For all m, e G AC and to', e' G A^', we have by the previous lemma: 

= (to' (g) 1 (g) to)A*,'' A ,„,)J^eJi, g) 1 



On the other hand, we have bv l6.21l 



Z{Al) 1/ Z(Ai) i-r 

= (J.,e'J., ^® ^ J.eJ. ^® ^ l)/W^>A:'!(™')gA,.(-') 

Then, by 13. 161 and taking the limit over e and e' which go to 1, we get for all 
S G -ff (g -ff: 

tr 

W*{E a®l^{K^,{m') ® ky{m))) ^ r{K^,{m') ® {I ® m)E) 

^/ tr tr Z(M) 

Now, if S G D{a{H g) H),i'), by continuity and density of K^i{Myi) we have 
for all S G D{c,{H ® H),v): 

tr 

W* {E a® a {v ® K{m))) = r {ri ® {I (g to)S) 

*»• *»• Z(M) 

Since 77 (g A^(to) G D{{H (g iJ)^ the relation holds by continuity for all 

tr tr ' 

EeH (g)H. □ 

tr 
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Remark 6.25. — - li crtr is the flip of L'^{M) (g) L'^{M), then atr o (3 ^ p o utr 

tr 

and if /' = (1 ® crtr)I{(^tr a® a [1 ® l])c,yo, then /' is the identification: 

Z(M) ^ Z(Af) 

/' : [L^{M) ® L^{M)] a®g [L^{M) ® L^{M)] -> L^{M) ® L^{M) ® L^{M) 

tr „^ tr tr tr 

s i3®a Vi ® J^v{y)] ^-n® a(y)s 

y tr tr 

for aU 77 e L2(Af),S e L^^^,^) ^ L^^M) and y e M. Consequently, by the 

tr 

previous proposition W* = 1*1' . 

Corollary 6.26. — We can reconstruct the von Neumann algebra thanks to 
W: 

M' (g) M^<{id*uj.^)iW*)\^eD{{H(g)H)^,iy°),T]eD{c,{H(g)H),iy)>-'" 

Z{M) ' tr tr 

Proof. — By 13.231 we know that: 

<{id*ijj.„){W*)\^£D{{H®H)-„,v°,ri£D{o,{H®H),v)>-'^'^M' ® M 

tr P tr Z[M) 

Let rj,^ E H and m, e £ M^. Then, for all Si, S2 € -ff ® i?, we have bv l6.23l 

tr 

{{id * a;^^A,(m),^(»J„A,4e))(W^*)Sl|S2) 

tr tr 

^{W*{Ei „0A [?7 ® A^(m)])|S2 JuK{e)]) 

J tr tr 

^{r{ri®{l ® m)~i)\E.2 J^.K{e)]) 

tr Z(M) I, tr 

= {ri®{l ® m)Ei\£_ IS) {JugJ^ <S 1)^2) 

tr Z(M) tr Z(M) 

= ((< ri, £, >tr Jve*Ju ® m)Si\~2) 
Consequently, we get the reverse inclusion thanks to the relation: 

{id*U}r,^l^^(^m),i®J,,A^(e)){W*) =<ri,(,>tr Jue*Ju ® m 

tr tr Z(M) 

□ 

Now, we compute G so as to get the antipode. 

Proposition 6.27. — If ~ S* comes from Tomita's theory, then we have: 

G^atro {F^ (g) F^) 

tr 
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Proof. — Let a = J^aiJ^, ® a2,b= J^biJ^, &2,c = J^ciJi, (Xi C2 and 

Z{M) Z(M) Z{M) 

d=J^diJi, (g) be elements of M' (g) Af analytic w.r.t t^' * v. Then, 

Z{M) Z{M) Z(M) 

byE2SI the value of (At%. (,,))«A.(.,.(6.)))*W^* 



is equal to 



(A,.'(J,.diC* Ji.) (g) A^,{J^aiJ^) (g A,,(d*c;a2)) 
=< d*2C*2A^{a2), A^{(7'i^{b*2)) >tr A^, [J ^dlc{J (g a%,^{b*^)A^,{J^aiJ^) 

tr ' 

=< Ai.(a2^>2), Ai,(c2C^2) >tr Ji,Ajy{dlcl) <^ JyKy{aihi) 



Consequently, by definition of G: 



G 



< A^{a2b2),A^{c2d2) >tr Ji^A^{dlcl) g) J^A^{aibi) 



is equal to the value of G(A^'"(^„^^(,^))^^^_^(^„^(,.)))*W^* on: 

[A^/(Ji.aiJ^) g) A,,(a2)] [A^,/ ( J^djci J^,) g) A,,(d2c2)] 

which is equal to the value of (X'^aa,. u,))0A^(a"_.(d')})*^* on: 

[A^'(Jj.ci Jj.) (g A^(c2)] [A^>{Jr,blalJ,,) (g A^(&^a2)] 



This last vector is < Ai,(c2d2), Ay(a262) >tr JuA^{blal) g) Ji,A^{cidi). Since 

tr 

G is closed, we get: 



G 



J^A^Kci) ® J^A^iaibi) 



J„Ay{bla{) g) J^A^{cidi] 

tr 



SO that G coincides with atr{Fy ® F^). 



□ 



The polar decomposition of G = ID^/^ is such that D — ^ g) ^ and 
I = (^triJi' ® Jv) SO that the scaling group is Tt — <T^_t * (Jf for alH € R and 

tr Z(M) 

the unitary antipode is i? = <,z(m) ° (j ® j)- We also notice that v' -k v 

Z(M) Z(M) 

is T- invariant. 
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Remark 6.28. If M is the commutative von Neumann algebra L°°{X), 
then the structure coincides with the quantum space X. 

6.7. Pairs quantum groupoid. — Let M be a von Neumann algebra. M 
acts on H = L'^{M) = L^{M) where is a n.s.f weight on M. We denote by 
M' the commutant of M in C{L'^{M)). M' (g) M acts on L'^{M) (g) L^{M). 

Let a (resp. /?) be the (resp. anti-) representation of M to M' (E) M such 
that a{m) = 1 (g) m (resp. /3(m) = j{m) g) 1) where j{x) = JvX*Jv for all 
x&C{Ll{M)). 

Proposition 6.29. — The following formula: 
I : [L2(m) ® L^{M)] [L'^{M) ® L^{M)] L^{M) ® L^{M) ® L'^{M) 

[K{y) n] 0<Sia S 1-^ a{y)E ® T] 

for all r] S L'^{M),E G L^(M) ® L^{M) and y e M, defines a canonical 
isomorphism such that we have I{[m ® x] 0®^ [y ® n]) = [y® mn ® x)I, for 

all m G M,n G M' and x,y e C{L'^{M)). 

Proof. — Straightforward. □ 
Then, we can identify (M' ® M) /^-ka {M' ® M) with M' ® Z{M) ® M. We 

M 

define a normal *-homomorphism V by: 

M' ®M ^{M' ® M) pi^oc {M' ® M) 
n ® m I* {n ® 1 ® m)I = [l®m] j3®a [n ® 1] 

Theorem 6.30. — {M,M' ® M,a,j3,T,v,v' ® id, id® v) is a measured 

Z(M) 

quantum groupoid w.r.t u called pairs quantum groupoid. 

Proof. — By definition, F is a morphism of Hopf bimodule. We have to prove 
co-product relation. For all m G M and n G M', we have: 

(F p-ka id) o F(n ®m) = [l®m] 0®a [1 ® 1] i3®a [n ® 1] 

If V If 

= {id fj-ka r) o F(n ® m) 
If 

R = <;o {Pi,® (3^), where <; : M' (g) M ^ M M' is the flip, is a co-involution so 
it is sufficient to show that Tl ^ v' ® id is left invariant and /3-adapted w.r.t v. 
Let m e M,n e M' and^ € D{{L'^{M)®L'^{M))j3^^o). We put $ = z/oa-^oTt, 
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and we compute: 

uj^{{id $)r(n«) m)) = $((0;^ p-k^ id){[l <^ m] f3<^a [n <^ 1])) 

= v'{n)v{< [1 ® m]^, ^ >p.u'') 

= v'{n)LO^{l ®m)— LLj^{TL{n (g) mj) 

Finally, we prove that Tr = R o Tl o R — id ® v is a-adapted w.r.t v. For all 
t g M, we have: 



<Jt — (Tf ( M'6t)M\nfl( MV — cr 



(Af'®M)n/5(Af)' — \Z{M)0M — id® al \z(M)^M 

so that we have for alH e M and m E M: 

af" o a(m) = 1 §5 o-J'(m) = q;((tJ'(to)) 

□ 

Remark 6.31. — If M = L°°{X), we find the structure of pairs groupoid 
X X X. 

Bv l3.16l we can compute the pseudo-multiplicative unitary. Let first notice 
that $ = I/' (g) = V]/ so that X = S = 1 and: 

a — 1 id,a — id(^ 1, P — P,y 1 and $ ~ 1 f3i, 
For example, we have D{{H ®H)p^,)^H® D{Hp^,v°) = H (g> A^(7V^) and 
for allri e H and y e Af^, we have R^^'^" {rj® K^{y)) = A,,i?'^'"''° (A^(y)) = A,,y. 
Lemma 6.32. — We have, for all rj e H and e e A/'^; 

IPvSj.AJe) = A„ Ji^eJ^ (g> 1 anrf = ^"(^ ® ^) 

Proof. — Straightforward. □ 
Proposition 6.33. — We have, for all E e H ® H,r] e H and m e J^^: 
W*{E (rj® A^{m))) ^ I*{rj® {l®m)E) 

Proof. — For all to, e G AC and to', e' G A^', we have by the previous lemma: 

/r(m' (g = (m' (g 1 (g ™)/Pj;?A_^,(eO®J„A„(e) 

= (m' (g) 1 (g) m)\j^,j^^,(f.i)JueJu (g 1 

On the other hand, we have byin^H 

/([I <g 1] /3<ga [J.'e'J.- (g J.eJ,])M^V^;J(„,)^A_^,(„,) 



94 



FRANCK LESIEUR 



Then bv lH.Kil and taking the hmit over e and e' which go to 1, we get for all 

EeH(g>H: 

W*{E {K'{m')® K^{m))) ^ I*{K^,{m') ® (1 (g) m)S) 

1/° 

Now, if S G D(a{H (g) H), ly), by continuity and density of Ai^i(Afu'), we have 
for all S G D{c,{H®H),v): 

W*{E a® ^ {ri ® Ky{m))) = I* {'q ® {I ® ■m)E) 
11° 

Since t] ® h.^{m) e D{{H ® H)^ ^a), the previous relation holds by continuity 
for a.W~£H®H. ' □ 

Remark 6.34. — If cr denotes the flip of L'^{M) (g) L'^{M), then a o /3 = /? o cr 
and if I' — {1 (g) <j)I{cr [1 l])(T,yo, then I' is the identification: 

r : [L^{M) ® L^{M)] [L^{M) ® L^{M)] L^{M) ® L^{M) ® L^{M) 

S si®a Vl ® K{v)\ a{y)E 

for all r\ G L'^{M),E G L^{M) (g) L'^{M) and y e M. Consequently, by the 
previous proposition W* = 1*1' . 

Corollary 6.35. — We can re-construct the underlying von Neumann alge- 
bra thanks to W: 

M' ®M=< {id*LU^,^){W*)\^ e D{{H (g) H)0,iy°),'q £ D{a,{H (g) H),iy) 
Proof. — Bv l3.23l we know that: 

< {id*Lu^^„){W*)\^ e D{{H (g> H)0,iy°,ri e D{^{H (g) H),v) >-"'c M' g> M 
Let ri,S^ G H and m, e G Afi,. Then, for all Si, S2 G -ff ® -ff , we have, bv 15.321 

((id* W^^A,(m),C(»J,A,(e))(W^*)2l|S2) 

= {W*{Ei 77(g) A^(m))|52 JuKie)) 

= (r(?7(g (l(gm)Si)|S2 s3®ai® J^t^Ae)) 

= (?7«) (l«)TO)Si|^g) (J^eJi,® 1)S2) 

= (r,|e)((J.e*J,®m)Si|S2) 
Consequently, we get the reverse inclusion thanks to the relation: 
(13) (^d 

* '-^77®A„(m),^(8J„A„(e) 

){W*) = (?7|C)(J.eV,(gm) 



□ 



Now, we compute G so as to get the antipode. 
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Proposition 6.36. — If = S* comes from Tomita's theory, we have: 

Proof. — For all a — J^aiJ^ (g) 02,6 — J^biJ^, b2,c — J^ciJ^, C2 and 
d = J^diJ^ d2 be analytic elements of M' (g) M w.r.t v' i'. Then, bv l6.32l 
we have: 

(<:K/2(f'0)«A.(--,(f'5)))*^*(^-'®-(") A.'«.((J.dI J. ® d*2)c*)) 

= PA„(^!l,(b5))(l'»</2(^i))] {K'{JudlclJ^)®{l®d*c*2)K'<>iAa)) 
= (d;c^A,(a2)|A,(a':,(6*)))A,,(J,dtctJ,)®a!:,/2(6t)A,,(J,aiJ,) 
= 1/(^2020262) JyKy{d\c[) (g) Ji,Ai,(ai&i) 

Consequently, by definition of G, we have: 

G [v{dlcla2h2) JyK{d\c\) ® J^A^(ai&i)] 

= G(^A"«/2(''i))®A,.(-^,(b5)))*^*(^-'®'^(«) "®/3 ® d*2)c*)) 

— v(h*2a*2C2d2) Jvl^v(h\a*^ ® J^A„{cidi) 
Since G is anti-linear, we get: 

G [JuAuidlcD (g) JuA^iaibi)] = [J^A^{blal) (g J^A^(cidi)] 
so that G coincides with a{Fi, g) i^i/). □ 

The polar decomposition of G = ID^^"^ is such that D = g) and 
/ = S( Jj, (g Ji/) so that the scaling group is n = a'i^. (g for alH £ M and the 
unitary antipode is i? = <r o ((3^ g) We also notice that i/' is r-invariant. 

Corollary 6.37. — We have 'D{S) 'D{(^i'/2) ® 'D{a'^^^^) and we have 

S{J^eJ^ g) m*) = J^a'(/2{m)J^ g) cr':lj/2(e*) 
/or e,TO G P(cr,J'y2)- Moreover {id * uj^^r^){W) G X'(S') anrf; 

5((i<i* W4,^)(W^)) = {id*uj^^^){W*) 
for all i,rie D{o.{H g) H),v) n ® H)^^,iy°). 
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Proof. — The first part of the corollary is straightforward by what precedes. 
Let C,,rj € H and e, to S Vla^i^)- ByEI we have: 

(ml 

= (CI^)J</2M^®^-V2(e*) 

Since S is closed, we can conclude. □ 

6.8. Operations on measured quantum groupoids. — 

6.8.1. Sum of measured quantum groupoids. — A union of groupoids is still a 
groupoid. We establish here a similar result at the quantum level: 

Proposition 6.38. — Let {Ni,M^,ai,Pi,Ti,Ui,Tl,Ti^)i^i be a family of 
measured quantum groupoids. Then, identifying the von Neumann algebra 
0,6/ Mi Mi with (©,g/Af,) ;3*a (©.e/M,), we get: 

ie/ iei iei iei iei i&i iei i&i 
a measured quantum groupoid where operators act on the diagonal. 

Proof. — Straightforward. □ 

In particular, the sum of two quantum groups with different scaling constants 
(EVVOS, for examples) produce a measured quantum groupoid with non scalar 
scaling operator. 

6.8.2. Tensor product of measured quantum groupoids. — Cartesian product 
of groups correspond to tensor product of quantum groups. In the same way, 
we have: 

Proposition 6.39. — Let {Ni,Mi,ai,l3i,Vi,Vi,Tl,T}j) be measured quantum 
groupoids for i = 1,2. Then, if we identify (Mi fj-^^^ai Mi) ® (M2 /32*q2 

with the von Neumann algebra (Mi ® M2) /3i(8/32*cti«ia2 (Mi ® M2), we have: 

Ni(S)N2 

(iVi (g) N2, Ml (g) M2, ai (g) a2, /3i «) /32, Pi (g) P2, i^i (g) iy2,Tl (g) Tl, g) T^) 
is a measured quantum groupoid. 

Proof. — Straightforward. □ 
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6.8.3. Direct integrals of measured quantum groupoids. — In this section, X 
denote cr-compact, locally compact space and fi a Borel measure on X. Theory 
of hilbertian integrals is described in jTak03| . 

Proposition 6.40. — Let {Np,Mp,ap, Pp,Tp,iyp,Tl,Tfi)p^x be a family 
of measured quantum groupoids. If we identify the von Neumann algebras 



Ix^p f3*a Mpdfi{p) and (j®Mpdfi{p)] p-k^ (j®Mpdfi{p)Y 



we have: 



i Npdfi{p), Mpdfi{p), apd^i{p), I Ppdfi{p),--- 
Jx Jx Jx Jx 

r® r<S 

Tpd^iip), / Vpdfiip), / Tld^i{p), / T^dfj,{p)) 
X Jx Jx Jx 

is a measured quantum groupoid. 

Proof. — Left to the reader. □ 

| Bla96j gives examples. In this case, the basis is L^{X) and a — f] — (3. 
The fundamental unitary comes from a space onto the same space and then 
can be viewed as a field of multiplicative unitaries. 
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